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ABSTRACT 


This thesis reports the results of an investigation 
into the nature of discovery teaching. One mode of discovery, 
the Mathematizing Mode, is described and applied. li is 
to be noted from the outset that there will be no attempt 
to evaluate the Mathematizing Mode or to compare it with 
other modes of instruction. The purpose of the study is 
one of description and hence, the results of the study 
Center aqoour the clarity and applicability of this deserip- 
ElLOom manage FonObservetiongl 4m mature rather than statistical . 

A review of the writing of selected authors indicated 
Ehat there 2c muchs confusion as tora precise description of 
discovery teaching. However, certain elements did appear 
as common. These common elements, and the theoretical 
positions held by those authors reviewed, formed the 
basis for the development of the theoretical framework 
of the Mathematizing Mode. 

The theoretical framework for the Mathematizing 
Mode was then described as a sequence of four teaching 
stages. Each stage was further defined in terms of prescribed 
teacher and pupil behaviors. This framework was then applied 
LOmiwOeunIts Of anstruction, “Ihe Linear function,” and 
"The Quadratic Function.” During this application, continual 


use was made of the text, Secondary School Mathematics, Grade 
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Eleven, by W.B. MacLean et al. 


The results of this description and application 


include the following observations: 


The Mathematizing Mode is a form of discovery 
teaching. 

The Mathematizing Mode is distinctively described. 
Since the theoretical framework of the 
Mathematizing Mode can be reduced to operational 
Lerms ,wtnenere Canecoe applied to teach specific 
mathematical content. 

The Mathematizing Mode can be used to develop 
and teach mathematics at the senior high 


school level. 
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CHAPTERS] 
THE PROBLEM 
TL, SeINTRODUCTION TO. THE: PROBLEM 


That there is a need for research into the process 
Oreecolcat tony! STOCV1OUS me wlook ab andustry sutiices to 
convince us that advances in technology and methods of 
mass production are in themselves useless without equal 
advances in methods of distribution. Drawing a comparison 
to education, and to mathematics education in particular, 
we can see that rapid updating is taking place in the develop- 
ment of new mathematical content, and this is being quickly 
Im-rodiuced into school curricula. To ensure that these 
curricula are made available to present and future genera- 
tions, there must be an equal updating of teaching methods. 
This analogy illustrates a current dilemma in educational 
practice. Sufficient emphasis has not been given to 
Pesearcuaitostne: process of anetruction.  Resecarch of 
this type is necessary in order to devise the best ways 
to teach new and changing content. The lack of research 
Ieee Luclion isiparrticularly evident at the senior high 
echool) Jevel. ~1b as not surprising, in view of the recency 
Comet Te VeCCECUrhicularatatiite © evel Or instpuciticon, that 


researchers have not pursued study in this area. However, 
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a 
Uhero@iswmnoamecesci2y Horeruntheradelay Yeulnetact) prierity 
should now be given to research directed at updating 
instructienalimethods@arothe senior hich school level. 

The problem of updating teaching processes in 
mathematics has not just been recently uncovered. Even 
Seo mM omeeroMmrmngdr ronson FT leewellings or such "edtcariona | 
philosophers as Socrates, Whitehead or Dewey reveals 
Perl Ousmeonecermrover thiscetseue. 8 !t ags"one that =has been 
the object of great interest since philosophers first 


directed their attention towards a theory of education, 
IIT. BACKGROUND 


Traditionally, educational theorists fall into two 
broad categories: those who feel that education is a 
drawing out of .something within the learner, and those who 
view education as a filling up of the mind with knowledge. 
Educators who adhere to the former philosophy are generally 
considered to favor a discovery type of teaching process 
in which the learner uncovers knowledge through personal 
effort. Those educators who adhere to the latter philosophy 
are generally considered to favor an expository type of 
teaching process in which the learner depends upon the 
teacher to impart knowledge to him. The controversy over 


tiese LWoepoOtlmuasOleView 1S an ancient one. In fact, 
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the derivation of the word education gives us a clue to 
Woe een RU ey . 


Origeviorcm eOiCer tot sslekl Ves (en Lier a mom aie 
Hatin ore ecucereson ecducareiis.. .... LUducCere means 
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Expository teaching has gained a strong foothold as the 
acceptable method of teaching, but there are some educators 
who would challenge the effectiveness of this method. The 
history of education is replete with proponents of a 


discovery type teaching process. Socrates2 ater ec Mal 
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OMbog oO Geo ced ly Caan Cosmic. Warts 7. euCll ICr on ain, 


their earliest stage must be beguiled and not driven 
EO. Learning. 

More recently, Alfred North Whitehead, the British 
mathematician and philosopher, who spent much of his life 
in North America writes concerning teaching: 


Let the student experience the joy of discovery 
flow.) ldeas wiicheare not uri ls zed aresposiaively, 
fermi, Wie cood discipline, 2s always possible 
POON hes tCem UdclOLeee Class a. COnralia dual ily 
of inert knowledge. You take a textbook and make 
Genmlea nian On La tesO COO. eachiid Ceien 
knows how to solve a quadratic equation. But what 
Tome emoc 7 BO we Caciangua Chiicelowsolve a quadratic 


lcole S. Brembeck, The Discovery of Teaching (Englewood 


Clitic mlewo Jerseys bremecey Hall, 1962); po..09-60. 


2Tbid., p. 60. 
Sipeesl.. yg. ibe 
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equation? There is a traditional answer to this 
(les on well atunsernis The ming 1s an instrument, 
Jour sens teonearpen wimmand) then -use=4 ty the®acqitsi- 
tion of the power of solving a quadratic equation 

is part of the process of sharpening the mind. Now 
there is just enough truth in this answer to have 
Nadeetteunvesiirough=’ thelages.webut = for Ald@atSschalt- 
truth, it embodies a radical error which bids fair 
POmcmi ly cCatmesceninedoer the moderns world® fOfmet+T 
have no hesitation in denouncing it as one of the most 
fatal, erroneous and dangerous conceptions ever 
introduced into the theory of education. The mind 

go Ne verspessiver aleactaeperpetialPactivityyudéelicate, 
Beceprive, sresponsiverto the stimulus. You cannot 
postpone its life until you have sharpened it. 
Whatever interest attaches to your subject matter 
must be evoked here and now; whatever powers you are 
strengthening in the pupils, must be exercised here 
and now; whatever possibilities of mental life your 
teaching should impart must be exhibited here and now. 
That is the golden rule of education, and a very 
difficult rule to follow.4 


Whitehead has isolated one important aspect of learning, 
io a ChivityeOnerlespalrteor tie Leqrner, and icontrasted 
this with the) passivity of a knite blade being sharpened. 
One of the most important modern treatises on 
slag@isivey als. Gelgte) Wiese < (eye ikel gig! Dewey.° According to Dewey, 
inguiry is the “active persistent and careful consideration 


of any belief or supposed form of knowledge in the light 


4h1fred North Whitehead, The Aims of Education 
(New York: McMillan Company, 1959) pp. 8-9. 


° John Dewey, How We Think: A Restatement of the 
Reva tOupOtencrleciivesliinking to the Education Process 
(Boston. Ape pheathManducompany, 1933),) p. 9. 
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) 
Oi ethe grounds that support it and the further conclusions 
to which it tends.”® Inguiry generally aims at the 
grounding of belief through the use of reason, evidence, 
inference and generalization. A person is prompted to 
engage in reflective inguiry when he faces a forked-road 
situation or a perplexing problem that causes some discomfort. 
LS ses nei nce Moves. Toted sralelon, doubt or contusion; 
(the prereflective state), to a situation characterized by 
satisfaction and mastery over the initial conditions that 
gave rise to doubt and perplexity, (the post reflective 
state). In between these two states of mind there are, 
according to Dewey, five phases of reflective thought which 
may be characterized as follows: . (1) suggestion, (2) 
i eihecaial LatlOMm ann oer hypoetnesis es (4)sereasoning, 
(Nea besting: the hypothesis. / But as Dewey admits, 
there is nothing sacred about the foregoing sequence nor 
ispchere anythangs magic,about+the mumber fave.» However, 
Dewey was interested in presenting the student with a problem 
for ha ssownie resolution. 
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STbid., p. 9. 
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look upon the teacher as a mere dispenser of knowledge, 
and the student as a passive receiver. In this tradition, 
it would seem that the major criterion for being adjudged 
aerjoecumicacher estar firm mastery of the <content ot tq partic- 
ular discipline, and this criterion apparently becomes more 
important as the level of education rises. In fact, the 
noticeable lack of research in instruction at the secondary 
and post "secondary Levels lends support to this point of 
view. 

More recently however, curriculum researchers 
have shown interest in the reorganization of mathematical 
content and in the introduction of new mathematical content 
at the various grade levels. Of equal importance, 
contemporary educationalists are re-examining the 
methodological approaches of Whitehead and Dewey, and they 
insist that the teaching of mathematics must include a 
more active participation on the part of the student than 


is evident during a conventional expository lesson. 
Doi RECENT DEVELOPMENTS 


It is generally agreed that present trends toward 
curriculum reform are more than justified. Static 
mathematical content has tended to become obsolete in the 
face of the fantastic rate at which the present body of 


mathematical knowledge is increasing. Apart from this 


revision of content, however, the ever present problem of 
teaching the new materials exists. Simply introducing new 
COMuciueInero rie Curriculum solves TOLhing, @s in ald 
probability the new content will be outdated much more 
LeoLe ie eianveciesitastles =iNetacts wt is hoped that this will 
be the case, for 
. if the matter were to end there, the result 

might ein be disastrous. New curricula would be 

frozen into the educational system that would come 

EO ™possess, Minytime, wall the deficiencies of 

curricula that are now being swept away. And in all 

likelihood the present enthusiasm for curriculum 

reform will have long since been spent; the “new” 

curricula might remain in the system until, like 

micwo Lele BRIE become not only inadequate but in fact 

intolerable. 

Along with the development of modern curricula and 
texts, there is an evident trend towards improved teaching 
methods. The direction of this trend seems to be towards 
a more discovery-oriented approach to teaching. ‘The 
Lombowincgearemexce sp is trom Jnennalysis of Lhe New 
Mathematics Programs’: 

To accomplish its purpose effectively, the GCMP 

Makes "extensive uise-or both’ the logical “structure of 


mathematics, and the discovery approach to learning. 
The GCMP has been guided by the belief that 


8Goals for School Mathematics (Boston: Houghton 
Mitt iinacomoany ll 963) = prauiid. 


IAn Analysis of the New Mathematics Programs 
(Washington, D.C.: The National Council of Teachers of 
Mathematics, 7565). 
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Computrationale@skiblis shouldsbe introducedvonly 
after the concepts necessary for understanding the 
particular operations have been developed and the 
children have demonstrated a grasp of them.10 


The Madison Project uses an informal, conversational 
appnoech srOmriercatscovery method. . . . Instead of 
learning mathematical laws SoeaP uence by others, 
EneppupmLs = tormulate’ Their own. 


The ideas and materials in the UMaMP are presented 
in such a manner that the student is led to form the 
generalization desired.12 


The SMSG ninth grade material develops most of 
these topics by using a discovery approach. ; 
Throughout the SMSG Geometry all the students are 
pearbicupants. [hevauthors lead them through the 
intuitive processes that establish a conjecture, 
and then to formal proof. 


The UICSM courses are genuinely concerned with 
developing precision in the use of the language of 
mathematics. .. . One of the fundamental concepts 
of the program seems to be the value attached to 
the principle of student discovery. Exploration 
exercises appear frequently, and these are very 
useful in encouraging and guiding. the student in 
the discovery of generalizations. 

With few exceptions, curriculum researchers, in advocating 

a re-organization of present content, also advocate a change 

in presentation from the more traditional expository method 

i wach tmheeteacherplayss a’ centrally role» to some type of 
inguiry method which emphasizes the importance of the learner’s 


Docu Ci wee ew Lew so ae Klick Oned MuenphasUusrontamproyed teaching 


l0tpid., p. ll. lltpid., p. 20. l2tpid., p. 24. 
13tbid., pp. 42-48. l4tpid., p. 60. 
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5) 
techniques and the trend towards a more discovery oriented 
classroom, research in instruction in the area seems to be 


Misconle ay asrcommonie rame ofMretference tsi tos bes establuwshed. 
PVs DIATEMENTIOF THE PROBLEM 


As has been observed, much research has been 
carried on in the development of new mathematics curriculum. 
The results of this research indicate the need for a change 
in method of presentation from the expository mode to the 
discovery mode. Unfortunately however, the same zeal 
exhibited in developing the new curricula has not been 
exercised in developing a precise description of the 
discovery mode of instruction which they recommend. 

lec its GeWeMi neni OGmetceisiudy to define and 
develop a distinctive discovery mode of instruction for 
teaching mathematics--a mode that actively involves the 
SEUCeI LS) hehe Carn ingisubuanion., The ~roblem formthis 
study, then, breaks down into two phases. The first phase 
involves a description of a discovery mode of teaching 
mathematics. Such description must come from considerations 
of the research in and writing about discovery teaching, 
and from mathematics and a knowledge of mathematical processes. 
Based on these considerations, the discovery mode must be 
further identified in terms of sequence of mathematical 


content, and of teacher and pupil behavior. And finally, 
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10 
the dimensions of discovery teaching, as well as their 
accompanying content sequence and teacher-pupil behavior 
characteristics, must be incorporated into a well described 
theoretical framework. 

The second phase of the problem involves the 
appropriate development of curriculum materials which 
illustrate clearly the implementation of the above 
description, and their presentation in an actual classroom 
situation in order to determine the feasibility of their 
use for bteeching spreseny curriculum content. 

Phe tii Cilmy 1oR eLhis *problemers .ntensid ved 
by the many meanings of the term discovery teaching, and 
also by the disagreement among educators as to the primary 


objective of teaching mathematics. 
VeaeeoleN LPP OaANCE OF THE  SLUDY 


In view of the problem posed, one question immediately 
arises. What is the teaching that actively involves the 
student in the learning situation?l® It has been called 
discovery teaching, exploration, hypothesizing. Discovery 
has been used to describe the Inquiry Method as outlined 
by Dewey in the early twenties. The Socratic Method of 
asking leading questions has been labelled by some as 


discovery teaching. Some studies have equated inductive 
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aga 
learning techniques with the discovery process. This 


16 observations that 


view has been criticized by Shulman’s 
teaching by discovery may not be synonymous with inductive 
teaching, but rather the discovery process can result 

from either inductive or deductive teaching. Many modern 
text books are using such headings as “discovery exercises.” 
The most common general description of discovery is that 
which first begins with a series of examples from which 

the students are expected to draw generalizations. 

Possibly no other expression is more prominent among 
educators today than that of "discovery teaching.” No other 
word is tossed about with more recklessness and abandon 
than “discovery.” A need therefore exists for a clearer 
definition for ease of communication. Davis recognizes 
this need: 

As is well known, discovery has become a cliche 

in recent times. It is the darling of many a 
practitioner (and the béte noire of others), it has 
been the subject of laboratory studies, and has even 
been the concern of special meetings (I, Shulman 
and Keislar, 1966). 

Yet there is no agreement on what is meant by 

either discovery learning or discovery teaching. Nor 


is there any agreement as to what discovery is supposed 
to accomplish; hence no evidence of its accomplishing, 


16,ee S. Shulman and Evan R. Keislar (eds.), 
Learning by Discovery: a critical appraisal (Chicago: 
Rand McNally & Company, hy en eee 
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ik 
or not accomplishing, any single objective would 
Changer tne minds of most of those who do? or do 
not, believe in it. This is clearly an area where 
teachers and researchers need_more agreement on what 
they believe they are doing. 

This lack of a precise definition also presents a 
major problem in assessing the value of “discovery vs. 
expository” experiments. 

One basic difficulty is the lack of precise descrip- 
tion of procedures. Studies purportedly designed to 
assess this question have used the same term to apply 
LOwdewilGe=ewarlety of ImMSLructiondal “activities. ~In 
some experiments the name rote learning is applied 
to a treatment which other investigations call discovery. 
Unfortunately, “not enough information -is Supplied’ to 
enable the reader to identify the precise procedures 
under either label. 

The agreement on a lack of agreement as to the 

description of discovery teaching lends significance to 
this present study. At the same time, before attempting 
ELowproceed further, we must clarify the basic assumption 
PNGeGuv Iie etewOlTloOsopny Of ciltco™ SLUdY. lt is that 
present streams of thought in educational practices tend 
to accept a much broader view of desirable outcomes from 


a mathematics lesson. A much greater emphasis is being 


placed on understanding the structure of mathematics rather 


l/Robert B. Davis, “The Range of Rhetorics, Scale 
and Other Variables,” Journal of Research and Development 
Lueroucation fsvol. 1, Now (allie lOCy iy Aoo: 


18Shulman and LES Ans ktG Maeno Orem, Lhedpiet Dismehlecial! 
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than on discrete learnings. Joseph Schwab, 19 for example, 
describes one aspect of the structure of a discipline as 
being the pattern of procedure, the method, how concepts 
are used and manipulated to attain structural goals. 
Polya arrives at the same conclusion by stating quite 
simply: 

Our knowledge about any subject consists of 
information and of know-how. If you have a genuine 
bona fide experience of mathematical work on any 
level, elementary or advanced, there will be no 
doubt in your mind that, in mathematics, know-how 
is more important than mere possession of information. 
Therefore, in the high school, as on any other level, 
Wemctoulu Moart sol OngG wlth a CeLlain amount of 
information, a certain degree of know-how to the 
student, 20 

The objectives of a mathematics lesson, then, 

must be concerned with more than knowledge of mathematics 
content. Hoqually important to the learning of content 
is developing the student’s mathematical know-how. The 


above position regarding objectives is implicitly adopted 


within the framework.of this thesis. 


19 Joseph Jy Stiwab, “The woncept of the structure 
SCitvasliccipline, Ihe Educational Record, Vol, 43 (July, 
VEGI gem) AURIS 


20George Polya, Mathematical Discovery, Vol. l 
(New York: John Wiley and Sons, 1962), pp. vii-vili. 
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CHAPIER IT 
meVIEW. Of SeLECTEDARELATED. LITERATURE 


In view of the amount of literature directed at 
discovery teaching, a selection must be made. Two 
considerations are evoked, the nature of the literature 
and the recency of the literature. The review is organized 
around the writings about discovery teaching, and an 
attempt is made to isolate some of the common characteristics 
of discovery teaching. Again, since the central problem 
of the present investigation is one of description, only 
writers who have a contribution to make in this area will 
be considered. The numerous experimental studies which 
deal with the effects of discovery teaching will not be 
considered unless they make a contribution to the description 


of the discovery mode. 
Pee UDI Peau SUBE TL 


In the first article reviewed, Ausubelt presents 
his position on discovery learning. It is a negative one 


because he feels that learning subject matter is more 


lpavid P, Ausubel, “Learning by Discovery: Rationale 
anastvyctiguce, bulletin of National Association of Secondary 
Scnool Principals, Vols 45 (December, 1961), pp. 18-58. 
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15 
important than problem solving as an educational objective. 
This posi on 4s emphasized in, the title of the article. 
By using the term “Rationale”, Ausubel implies that there 
is a logical basis for discovery teaching; however, this 
rationale applies to only a limited set of objectives. 

At the appropriate time and place, and for 
carefully designed purposes, learning by discovery 
has its defensible uses and undoubted advantages. 

By using the term “Mystique”, Ausubel suggests that 
unwarranted qualities are attributed to learning by 
discovery. 

Some of its proponents have elevated it 
(discovery teaching) into a panacea, making 
exaggerated claims for its uses and efficacy that 
go far beyond the evidence as well as far beyond 
all reason. 

Although Ausubel does not define precisely what he 
means by discovery, he does react in such a way as to 
reveal some of its characteristics, at least as he views 
them. Some of these characteristics are: 

(1) complete pupil autonomy 

(2) the dependence of the method upon actual 

pupil discoveries 

(3) the dependence of the method on exhibited 

Creat Vly sonOsOLloimalityot Eninki ng, 


(4) the presence of activity programs and project 


lessons 
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(5) much emphasis on problem solving 

(6) direct and immediate concrete experience as a 

prerequisite for meaningful understanding 

(7) much time spent in gathering and analyzing 

data as in the scientific method. 

Mie proolci 1 esasessing these Characteristics 

stems from Ausubel’s rejection of problem solving as a 
central aim of mathematics education. He very sarcas- 
tically refers to Bruner’s educational objectives as being 
grandiose and platitudinous; then he proceeds to the fol- 
lowing statement of his objectives: 

. « e Q@ll human beings are strongly motivated to 
learn so that they can better understand themselves, 
the universe, the human condition and the meaning 
of life--hence if we are concerned with achieving this 
Darticilarwain or education, we Cannot Veave its 
implementatjon to problem solving and discovery 
techniques. 

These lofty objectives offered in place of Bruner’s 
indicate clearly his rejection of problem solving as a 
central educational objective. 

ineconclisien. tits article 41s" ‘particulary relevant 


ifeethaie dt Cues ions Ewe role of Ciscovery teaching in the 


classroom. 


4Ibid., p. 36. 
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One particular study of Ausubel’s is relevant to 

this summary, in that it emphasizes the advantages of 
preparing a student’s cognitive structure to assimilate new 
information by the use of advance organizers Two factors 
are involved in the facilitating influence of advance 
organizers for the incorporation of new knowledge into 

the cognitive structure of the learner: 

(1) the selective mobilization of the most relevant 
existing concepts for use as part of the sub- 
suming focus for the new learning task, thereby 
increasing the tasks familiarity and meaningful- 
ness 

(2) the provision of optimal anchorage for the 
learning material in the form of relevant 
and appropriate subsuming concepts. 

He further adds that the use of advance organizers 

“would also render unnecessary much of the rote memorization 
to which students resort because they are required to learn 
the details of a discipline before having available a 
sufficient number of key subsuming concepts.” 

Nowhere is Ausubel’s hierarchy of values regarding 

educational objectives more apparent than in his recent 


article "Facilitating Meaningful Verbal Learning in the 


“David P. Ausubel, “The Use of Advance Organizers in 
the Learning and Retention of Meaningful Verbal Material,” 
Sigugnaueot Educational Psychology, Vol. 51 (October, 1960), 
Dre 0/272. 
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18 
Classroom.”’ His argument for the effectiveness of 
meaningful verbal learning (an advanced form of meaningful 
reception learning) rests entirely on his assumption that 
the central educational objective is that of learning the 
subject matter. Three characteristics of reception learning 
are: | 

(1) Reception learning is meaningful when the 
learning task is related to relevant aspects 
of what the learner knows. 

(2)) Twoteracttons fare: invoulved! ini the choosing of 
appropriate content: the nature of the material 
to be learned and the availability of relevant 
content in the particular learners cognitive 
SPLUCII Ge . 

(3) Usexe® Ysubsuming concepts” and “organizers” 
tomatdeinerne learning task. 

The above particular characteristics have been singled 
out because of their relatedness to ideas expressed by 
Davis, Dienes, Bruner, Suchman and others. 

Ausubel stresses in this article the various 


dimensions of learning and the existing error in thinking 


7David P. Ausubel, "Facilitating Meaningful Verbal 
Learning in the Classroom,” ‘The Arithmetic Teacher, Vol. 
womubebruary, ebO6Sy)tenosag6<ko2t 
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ies) 
that all verbal learning is rote whereas all discovery learning 
is meaningful. He gives for a basic model the two types 
of learning to be reception and discovery either one may 
be rote or meaningful depending upon the means used. 
In summary, Ausubel recognizes that there are 
two distinct types of meaningful learning, discovery and 
rece OELonN. For several reasons, however, the balance 
between the two should be weighted on the reception side. 
The basis for this argument is three-fold: 
(recat cee ower mem NV ved, cl covery learning 
is generally unfeasible as a primary means 
Of acquiring large bodies of subject matter 
knowledge 
(2) the actual process of discovery per se is 
never required for the meaningful acquisition 
of knowledge 
(S)Jewiies_Garning of, subject Matter content is a 
more central objective Aner is the development 


Ole OnO Olena co mang aol LiL yi. 
Il. MAX BEBERMAN 


Beberman has written much on the topic of discovery 
teaching, and in a more positive vein than Ausubel. Con- 
sequently, his concepts regarding the characteristics of 


a discovery lesson are more apparent. In two articles 
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20 
Beberman® evolves the FoLlowIngecharacteristids of 
discovery teaching: 

(1) the importance of exploration before effective 
learning takes place 

(2) Stncermality inetheslessons, sand daclack.of 
insistence upon verbalization of generalizations 
by the students 

(3) “themusescot graphs whenopossible; butsnet-to. the 
POImEsoimnmeulinesgapp lication. 

(4) So vetiempt onmmne pariaote tieeteacherstokhave 
thes siudentsegustaty anieltalhanswers 

(S) proper nomenclature to facilitate discussion 
and the importance of seucksi 3 recognizing 
Catnbilvsy, GiereRane 

(6) formalizing a concept should merely involve 
a well stated description of what the student 
already knows. 
It has two advantages: 
(a) the student experiences pleasure at 

seeing his discoveries presented in this 


fashion 


8Max Beberman & Bruce E. Merserve, “An Exploratory 
Pppsoac ween mol Ving Equations, “the; Mathematics Teacher, 
Vol;.49 (January, 1956), pp. 15-18. 


Max Beberman & Bruce E, Merserve, "Graphing in 
Elementary Algebra,” The Mathematics Teacher, Vol. 49 
(April, L956), pp. 260-2266). 
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(b) the principle will be referred to and 
used later, and the student will have to 
recognize it. 

(7) students are encouraged to use a “common sense” 
method, but always to be looking for short-cuts 
(formulas) 

(8) the discussion of a wide range of problems so 
that students need to rely on basic concepts. 

(9) the use of “frames” as a bridge between the 
symbolism of arithmetic and the symbolism of 
algebra 

(10) the student is expected to contribute ideas, 

DrIncVD | es yeand rmiles, 


These characteristics are also referred to in 


Hiemero ing Program Ol secondary choo l Mathematics.” 


In this book, Beberman devotes several pages to another 
enaracteristic: 
(11) high standard of precision in the teacher’s use 
OnmbdnclegeomengG. seexDLLClt recognition or the 


distinction between symbols and their referents. 


‘Max Beberman, An Emerging Program of Secondary 
School Mathematics (Cambridge: Harvard University Press, 
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ae 
This same precision, however, is not necessarily 
required of the students. 

eco ep een CemlOn Nea teacneris  cC)Lvon of igh 
School Mathematics-Course 1,20 Beberman is quite explicit 
in his instructions to the teachers regarding the charac- 
TEepretics of Nvs techniques. He strongly advises that 
only those teachers who have had sufficient in-service 
training in the philosophy and method of the UICSM 
attempt to use his materials. 

On further observation, it is quite evident that 
Beberman places a great deal of emphasis on discovery 
within a well designated area. Although much pupil 
autonomy is encouraged, it is kept within a well organized, 
integrated selection of course content. This seems to be 
a necessity if his ideas are to be used by a large number 
of teachers. It is much the same as telling a child he 
may play anywhere in the house--for purposes of supervision 
CUmeENeCepalmeot tne wpalemt, and safety on the part of the 
Chala. 
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tiestirs edrelolLeurevieweda deals swith the effects 


10vax Beberman & Herbert E. Vaughan, High School 
Mathematics Course I (preface to teacher’s edition; Boston: 
DECe Heath eandeCcompanyrers64)n 
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upon children, of active participation in the learning 


Process. Brunert} 


makes an oversimplified distinction 
between teaching in the expository mode and teaching in 
the hypothetical mode. In the former, decisions as to 
mode, pace, style of presentation are principally determined 
by the teacher; in the latter, the teacher and pupil are 
more in a co-operative position. Brunert2 further adds 
that one cannot describe the teaching process that goes 

on in either mode with any great precision, but the follow- 
ing two characteristics of discovery teaching are implied: 
Gi acti Ve bat 1cipanion yetne puprl in the form of 
exploration and discussion, (2) students should be armed 
with an expectancy that patterns exist. 

ing se look, slowarcs! a. meory of Instruction, 19 

Bruner outlines four features: 

(1) specification of experiences which most 
effectively implant in the individual a 
predisposition towards learning 

(2) specification of the method of structuring a 


body of knowledge so that it can be readily 


grasped by the learner 


llyverome S. Bonen, wile sAct ol Discovery,” On 
Knowing - Essays for the Left Hand (Cambridge: Harvard 
University press, 01962), pp. 75-96. 


dA) ahs beheld oe a 


l3terome S. Bruner, Toward a Theory of Instruction 


ee 


(Cambridge: Belknap Press of Harvard University Press, 1963), 
Ceo 7. 
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(3) specification of the most effective sequences 
in which to present the material 

(4) specification of the nature and pacing of motiva- 
tion techniques in the process of learning and 
teaching 


14 refers to the 


Peaatonemrecentsarricle s bruner 
problem of teaching so that the child will use effectively 
what he has learned. He further defines the problem by 
isolating six subproblems which might be construed as 
characteristic of teaching by discovery. 

(1) The Attitude Problem. The teacher should 

encourage students to say such things as 
bet mens too anc, tiank about that”; “Let me 
use my head.” 

(2) The Compatibility Problem. The teacher should 
arc MLO m oO Cedegcw pLcce ol knowledges to an 
established domain, so that the new knowledge 
can help retrieve the old. It is really the 
problem of finding the connection between the 


learning task and something they already know. 


145 rome S. Bruner, “Some Elements of Discovery,” 
Weathamos Sy Discovery — ay Cra ical appraisal, edited ‘by 
Lee S. Shulman and Evan R. Keislar (Chicago: Rand McNally 
& Company, 1966), pp. 101-114. 
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20 
(3) Activity Problem. The teacher must afford 
PnevopooLeunity for) solving problems so that 
the student may feel rewarded for the exercise 
OPethanking. 
(4) The Skill Problem. The teacher must take time 
Eomecachivarionuseski) 1 sr suchas: 
Caderpushindean idea torats-limit 
(b) the most efficient way to frame a hypothesis 
inmorcer’thateitiis testable 
(c).. conciseness in stating. solutions. to 
hypotheses 
(S) The Self-Loop Problem. The teacher must accept 
the student’s hypothesis and then turn about 
and make the student aware of what he has said. 
Bruner calls this discovery via self consciousness. 
(6) The Problem of Contrast. The teacher should 
approach definition and concepts from the 
negative direction as well as from the positive 
dimectaonkietios: oftenianstudent can define 
something by what it is not, before he can 
dsscribeiiiaduldy. 
Unis uswpossmiilyethesbest ariuacle: foractually 
isolating some of Bruner’s ideas on the process of the 


discovery method. 
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“The Madison Project’s Approach to a Theory of 
Instruction”!9 sums up Davis’ previous efforts and interest 
igh aMagaihilRsbealie, Sl EM eMeny feuk walnyomuisimMlectahelal 

Davis specifies two kinds of mathematical experiences: 

MQ)” Where children’ domsomething. 
(2) where children discuss something under the 
leadership of a teacher. 
He refers to these as “informal exploratory experiences.” 
These experiences are further defined by listing criteria 
for choosing them: 

(1) Adequate previous readiness must be stressed. 

(2) The experience must be related to the 

fundamental idea. 

(3) tudent must play an active role. 

(4) Interesting patterns should lurk under the 

surface of each task. 

(S) The experiences should be appropriate to the 

age of the child. 
(6) The sequence of informal exploratory experiences 


must seem to add up to something worthwhile. 


1SRobert B. Davis, “The Madison Project’s Approach 
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Ochem cha veacterictbics .of va Waduson stteacherm ane.also 


referred to: 


(1) 


(2) 


Experience lessons are structured as little 

as possible. 

Seminar discussion is somewhat more structured, 
ete vex bility fsemad reat ned . 

Teacher-imposed external re-inforcement is not 
used to determine how questions are answered 

or how problems are attacked. 

Imtrinsie rewards such as reduction of cognitive 
Sse neom COCOLUUIA Ey Oe Intron tie class and 
teachers of recent discoveries are encouraged. 
Children should have a method for evaluating an 
answer which is independent of text and teacher. 
With reference to Piaget’s theory of gradual 
MOCUELCacuOneOr CkiS ling COgMatiVve StTrUuGiire, 


two considerations are pertinent. 


(avepe reac mess oudlCing anc unstructured 
exploration are essential for the child 
so that he may build some basic cognitive 
structure in which to assimilate new 
knowledge. 

(b) Open-ended lessons are not frowned upon nor 
ds inverciiany oreat attempt toyprotect the 


child from ever conceiving a wrong idea. 
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28 
Finally, Davis gives us a warning regarding the 
dangers of short-cutting and the too rapid adoption of 
formulas to replace common sense methods. 
Davis takes a novel approach to the problem of 
describing discovery teaching in his article, “Discovery 


16 anc in the discussion 


in the Teaching of Mathematics 
ereiclewwiicn tol lows, s{Teaching and Discovery. ’1/ 
After the showing of his film was completed 
Davis uaiede@loginicypartictpante ancdiwasked.WtAld 
right gentlemen. You saw the film. What did I 
elon aus 
Here are some of the answers given by the participants: 
(1) The term which best characterizes Davis’ 
instructional tactics was “commando teaching,” 
genuinely eliciting responses from the 
students, rather than telling them the answers. 
(2) ‘It differs from pure discovery in that the 
students are not just “messing around.” 
C(Spaueltie setitvkenciscoverywin that the students 


are called upon to discover or invent materials 


ie) ArelMleeSieah lorsl efews 


l6Robert B. Davis, “Discovery on the Teaching of 
Mathematics,” Learning by Discovery - a critical appraisal, 
edited by lee, SS chtiimam and) fvangs. Keisladm(Chicago: 
Rand McNally & Company, 1966), pp. 114-128. 


17Lee S. Shulman and Evan R. Keislar (eds.), “Teaching 
and Discovery” (discussion), Learning by Discovery - a 
critical appraisal (Chicago: Rand McNally & Company, 1966) 
cen OCaeeE 


18tphid., p. 129. 
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(4) The students, though inventing or discovering 
constantly, were making the discoveries that 
Davis wanted. 

(S) There are other guides to student exploration 
than the teacher. A student seeks to check his 
discovery against reality. The other students 
also act as a guide to the individual. 

(6) Several participants agreed that Davis’ 
method, although good for group teaching would 
NOT eWOoCKpeCO Ys tel, .Ciucs teaching,. 

These comments seem to be in agreement with Davis’ 


Original weescriol1om O14 ls method: 


Reco ANe Dae DINE S 


iiMeEWOlOd sli smoCOks a puaiding Up Mathematics? 


and the Power of Mathematics, 29 Dienes clearly states 
his position as a firm advocate of a teaching method 
oriented towards student discovery. 


The basic skill underlying all scientific and 
EeonMOlogs Coles mnticnues COmErOlL Of the» tools. of 


561 tan P. Dienes, Building Up Mathematics 
(London: Hutchinson Educational Limited, 1960). 


207oltan P. Dienes, The Power of Mathematics 
(London: Hutchinson Educational Limited, 1964). 
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30 
mathematical structures, and not ey young people 
even become aware of their existence. 4l 

Dienes recognizes the research of Piaget and 

Bruneweietetnearing nis Cescriprion of the learning 
process. 

(1) Dynamic Principle. Preliminary, structured 
and practice games must be provided as 
necessary experiences from which mathematical 
Concepts can eventually be built. 

(ee Cole ehnC tint ya CINCi DL One COnoTrucrion should 
always precede analysis. 

(3) Mathematical Variability Principle. Concepts 
involving variables should be learned by 
experiences involving the largest possible 
number of variables. 

(4) Perceptual Variability Principle. The same 
conceptual structure should be presented in 
the form of as many perceptual equivalents 
as possible. 

Dienes suggests also that learning should take 

place individually or in small groups of two or three. 
He further suggests the use of assignment cards arranged 
both in series (building UpmoamCOMCeD ie Cyc ceites Of Telared 


tasks), and in parallel, (presenting the same conceptual 
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idea in different material). Something of this type would 
seem to be a necessity if the teacher had to teach in such 
small groups. 
In his writings, Dienes endorses the work of 
Beberman, and acknowledges that much learning takes 
place before the child can verbalize adequately or make 
precise “ee of mathematical symbolism. He also insists 
however, that eventually the time comes when it becomes 
necessary to resort to symbolism. Between these two 
stages, Dienes suggests that students develop their own 
rudimentary type of symbolism. 
In a more recent article Dienes*2 outlines further 
the stages of discovery learning. 
(1) A preliminary groping period during which 
the student explores and manipulates the 
environment. 
(2) Two types of mathematical play are referred 
to--manipulative and representational. The 


one follows from the other. 


-_ 
(eu) 
wa 


Abstractions, gathering together a number 


of different events into a class, are formed 


227oltan P. Dienes, “Some Basic Processes Involved 
in Mathematical Learning,” Kesearch in Mathematics Education 
(Washington, D.C.: National Council of Teachers of Mathematics, 
IEA, “ise Paka 
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82 
from a sufficient Seve of mathematical 
materials. 

(4) Generalizations, the extension of an abstract 
class to a wider class of elements possessing 
the same or similar properties, are formed 
by looking at a wide number of situations in 
which the structure is applicable. 

(S) The use of symbolism and its interpretation 
is best accomplished by an intermediate stage 
in which children have a hand in the process. 
ey scan; .in Enis way, see a necessity for its 
use. 

In conclusion, Dienes suggests that a great deal of 

research, of the naturalistic or observational type, is 
needed before any final evaluation of his procedures is 


possible. 


Viv CERTRUDE HENDRIX 
In her essay, “Learning by Discovery, 2° Hendrix 
outlines three procedures referred to as the discovery 
method. They are the inductive method, the nonverbal 


awareness method, and the incidental method. In dealing 


43Gertrude Hendrix, “Learning by Discovery,” 
The Mathematics Teacher, Vol. 54 (May, 1961), pp. 290-299. 
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he. 
with the first two methods, Hendrix maintains that the 
fallacy of the inductive method lies in its confusion 
of verbalization of discovery with the advent of the 
discovery. For her, this separation of discovery from the 
process of composing sentences to describe them is a major 
breakthrough in pedagogical theory. There are three 
major mistakes that teachers make when attempting to 
teach inductively. 

(We Calling tonegencralizations before the 
students have noticed any similarity among 
the examples used. 

(2) Calling for stacLements Of Generalizations when 
the students possess neither the vocabulary 
nor rules to formulate such. 

(3) Gonftusing generalizations which are discoverable 
with generalizations that are arbitrary such 
as definitions and conventions. 

In the Incidental Method the teacher sets the stage 
for many experiments built around a central project. This 
method is associated with the Progressive Education era. 
Hendrix suggests that the confusion between this and the 
present trends towards discovery teaching methods have 
soured many educators against anything called a discovery 


method. 
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34 
Hendrix gives an explanation of the nonverbal aware- 
ness method in her study, “A New Clue to Transfer of Train- 
ing 7/24 and elaborates on it in her article, “Prerequisite 
to Meaning, “2° PReOmLUYr Ener statesuuchats=: Jhnis failure 
to recognize that awareness of an entity is independent 
of the existence of a symbol for the entity promotes 


pedagogy that is not only wasteful, but often harmful .”26 
Vole 2 GEORGE. POLY A 


Pnetnespreraces towns Pook Mathematical Discovery 
Volume 14/7, Polya is concerned with conveying to the 
reader his ideas about problem solving. He justifies this 
BpEtoe meovedeconsotOChaAr On VOL ene Objectives Of Eeaching, 
mathematics as being two fold; teaching mathematical 
content, and teaching mathematical knowhow. The 
characteristics of his teaching method, however, are only 
implicitly suggested. These include: 

(1) allowing opportunity for creative work on an 


appropriate level 


24cGertrude Hendrix, "A New Clue to Transfer of 
Training,” Elementary School Journal, Volume 48 (December, 
WSEVO ease MCV Adee 


2°Gertrude Hendrix, “Prerequisite to Meaning,” 
Mathematics Teacher, Volume 43 (November, 1950), pp. 334-339. 


20iibrda, Polys34! 


27George Polya, Mathematical Discovery, Volume I 
(New York: John Wiley & Sons, 1962). 
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(2) giving students ample opportunity for practice 

at problem solving 

(3) adequate discussion of solutions to problems 

as presented by the pupils 

(4) formation of discussion groups in which one pupil 

plays the role of teacher 

(5) overview of solutions to problems; seeking an 

easier way, a more concise presentation, a 
patterns. 
In his article “On Learning, Teaching and Learning 
Teaching, ”2° Polye vis much more explicit as to his method of 
teaching. His foremost objective is to teach young people 
Gon muito = Olvyous sideacmarcs Cxpressedi in nis> three principles 
of learning: 
(1) Active Learning. He advocates that students 
be allowed to discover for themselves as much 
as is feasible. The students should actively 
contribute to the formulation of the problem 
GQiupiancpdcuwelsleas i ts solution. 

(2) Best Motivation. The teacher should pay 
aL Een GrOnmLOmrNGweliorce, ormulamon. and 


suitable presentation of the problem. The 


28George Polya, "On Learning, Teaching and Learning 
Teaching,” American Mathematical Monthly, Volume 12 (June- 
Jal yoerteisea «pp. 605-618), 
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problem should be of interest to the student, 
related if possible, to everyday experience. 
(3) Consecutive Phases. Polya sees learning as - 
a series of consecutive stages: 
(a) exploration of the problem situation 
(b) formalization of concepts and patterns 
(c) assimilation of these ideas 
(ad) some time should be reserved for retrospec- 


PRVCROUMSONSS2Ol Ol rinishec: solutivons. 
VIII. SUMMARY 


In the review of the literature, several characteristics 
of discovery teaching emerge as common. Most explicit are 
those referring to the initial exploration period and the 
mse OF Classroom Giscussion. In the use of symbolism 
there seem to be three stages: (1) preverbal intuition, 
(2) an intermediate stage in which pupils initiate their 
own symbolism, and (3) the use of precise mathematical 
symbols. 

Some divergence of thought regarding the use of 
discovery in the classroom involves the answer to the 
guestion: “Should discovery be used within the curriculum 
or should it be used as a supplementary exercise?” For 
example, Davis is more random in his use of discovery than 


is Beberman. 
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Ausubel is included in the review in order to 
present the major argument against the use of a discovery 
Peqciengmprocess.e st 1s his contention that the central 
aim of mathematics education is that of acquiring a know- 
ledge of subject matter. And since, he is equally 
convinced that discovery teaching is not suited to attain 
this end, it should not be used as a primary method of 
eGo rT ON. 

The theoretical positions examined in this chapter 
are now incorporated into the theoretical framework of the 


present study. 
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GHAPTER ET 
THEORETICAL FRAMEWORK 
I. THE MATHEMATIZING MODE 


Onerot «ihe major difficulties to date in a 
discussion of discovery teaching methods is that of 
communication of ideas among educators. In order to over- 
come this problem of communication, and to present a 
sound framework for instruction, the Mathematizing Mode is 
presented as a sequence of teaching stages and by 
characteristic teacher behavior to accompany each stage. 
The more common characteristics of discovery teaching 
are identified in the previous chapter. Here, they 
are incorporated=into the theoretical framework of 
the Mathematizing Mode of instruction. As the name 
indicates however, more than just discovery is involved. 
The name “Mathematizing” implies doing mathematics; it implies 
achiviuny omethe pants of the thearner; it™implies application 
of mathematics already discovered; it implies acting as a 
mathematician. 

Whitehead? has’ nsolaited sactiviky ion athe pant of 


the student as being one of the most important ingredients of 


alread North Whitehead, The Aims of Education 
(New York: McMillan Company, 1959), pp. 8-9. 


39 
a learning situation. More recently Polya, as one of his 
three principles of learning places “active learning” first: 

It has been said by many people, in many ways that 

learning should be active, not merely passive or 
receptive: merely by reading or listening to lectures 
Ov PLOC Nee eMOVINgG DICLUTeS WrtnouL adding some 
action of your own mind, you can hardly learn any- 
thing arana certainly you Cannot earn much, 

PEthoug me hte tsenot WOSSlOLCeLO predict exact pupil 
behavior during a teaching lesson, implicit in the Mathe- 
mMatizging Mode is the conviction that to learn, the pupil 
Must make an active contribution to the learning process. 
Thus, teacher behavior is designed to encourage extensive 
DUupL ly perticipation through personallinguiry, classroom 


discussion, and directed applications of mathematical 


DEInc ples. 
GP, GADERLNI ELON SOF STERMS 


ine Matnematigang Mode. This is a term that has 
been coined in order to describe precisely one particular 
discovery type process of instruction. There are many 
processes that could be classified under the name discovery. 
It is our intention that by using the phrase Mathematizing 
Mode, the redundancy of meaning attached to discovery mode 


will be avoided. 


“George Polya, “On Teaching, Learning and Learning 
Teaching,” American Mathematical Monthly, Volume 12 
(Qhine-July, 91963), pp. 605-606. 
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(CUMuLyme Tee ctivity sissany, problem situation 
in which the students are faced with the task of exploring 
a new mathematical principle, and making hypotheses about 
Ene. solutions. 

Heacmingyorage. lh reference ito the Mathemetizing 
Moceviow incrruction satcaching stage” sis a phase of 
instruction identified in terms of teacher behavior designed 
LOmewiGLt BOUpI aCkuvAty in onevrorm or another. There 
are four such stages in the theoretical framework of the 
Mathematizing Mode. 

Exercise. In the Mathematizing Mode, traditional 
exercises play a dual role. On the one hand, they may 
be employed in the traditional sense of practice in the 
applica LlIONeOteGespecinic mathematical concept. They. 
may also be used as an activity to begin a cycle of the 
four stages of the Mathematizing Mode. In this sense, 
exercises may be assigned to be done without the aid of 
formulas or short-cuts, but from which hypotheses are 
generated by the students. When used in the latter sense, 
emphasis is placed on assigning very few problems which 


are analysed thoroughly in class discussion. 
fit. oS©AGE ONE 


The first stage on the Mathematizing Mode is 


characterized by a period of uninhibited exploration of the 
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problem situation on the part of the pupil. After presenting 
a suitable problem situation (activity) within a broad 
framework, the teacher allows time for the students to look 
for and find existing relationships, patterns and possible 
solutions. The students are encouraged to examine the 
problem and formulate plausible hypotheses from which 
generalizations can arise, or from which further significant 
problems can be posed. 

This phase of instruction is referred to by Davis? 
ass experience without formal instruction” ‘or by Polya* 
ase “exploration. Shulman? lends great importance to 
this aspect of learning when he states "No matter what 
kind or ansecoverys. teaching an" . do Mote LOseaucii Otesane 
importance of the antecedent exploration in the field.” 
There are two important aspects of the problem 
Sled momrabeociag Sie temneced telaboration. First,” themproblem 
(activity) should be stated within the broadest possible 
framework. Here we are advocating, to borrow from Piaget’s 


vocabulary, that learning best takes place in terms of 


SRobert B. avs alii OduUclory= ota Lement~ ) An 
Analysis of the New Mathematics Programs (Washington, ie 
National Council of Teachers of Mathematics, 1964), p. 17. 


4George Polya, “On Teaching, Learning and Learning 
Teaching,” American Mathematical Monthly, Volume 12 (June- 
Ji, We seen MU ienil | 


SLee. S. Shulman & Evan R. Keisler (eds.), “The Meaning 
CieVIscoveryeleuedtiing learning by Discovery - a oritical 
appraisal (Chicago: Rand McNally & Company, 1966), p. 29. 
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“accommodation” primarily and*then i2n terms of “assimilation.” 
Bye th Beehtemcameans that therprobkempsi tuatironpasasninitially 
presented, should demand from the pupils an extension of an 
already known framework to “accommodate” for the new 
GCOuGce nes 1 el eenls twa, LhashcognrGiverstructure iuseerepared 
for the new data, facts and relationships. 

Heretofore, much learning consisted in “assimilating” 
bits and pieces of information before the cognitive structure 
of the child was adequately prepared. A continual diet 
of this frypesonealeamning héendseto rcloud theustructure cof 
a subject; whereas the approach suggested tends to enhance 
theastructureco® assubject. 

ochwab offers the same argument in simpler terms: 


The structures of the disciplines are twice important 
to education. First, they are necessary to teachers 
and educators: they must be taken into account as we 
plan curriculum and prepare our teaching materials; 
Cbherwise); our «plans ware bikely coimuscarry sand our 
materials, to misteach. Second, they are necessary 
in some part and degree within the curriculum, as 
elements of what we teach. Otherwise, there will 
be failure of learning or gross mislearning by our 
students. 


This shift from catalogues to patterns in the 
disciplines means, in turn, that teaching and learning 
take on a new dimension. Instead of focusing on one 
LininowOGicce akealtame,claritying cach and going on 
fo tuemext, teaching “becomes arprocess<of focusing on 
Deommucwonnmcontlacm anaeconmecrTionganong yEhimgs fand ideas, 
GL CrhoeuLyrmy tiie ectmrect Of cach thing on the others, 
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of conveying the way in which connection modifies 
tiewoarticinants a.m the pwomnectvon,. In brief, 
teaching is the task of portraying phenomena and 
Lea Ss eNOt cc euings in themselyes, yout a tultal iment 
Of a4 pattern. 

Ausubel, / who is not noted for his sympathy 
towards discovery type teaching methods, does suggest 
that the use of organizers and subsumers which “provide 
ecari1ol1ding for tne maverial to tollow, “and help to 
organize the related new facts around a common theme” 
are important aids to the learning process. 

The second aspect of the problem situation which 
needs explanation is that the problem should be stated 
in an incomplete form. Ideally, the student should initiate 
the problem situation (activity), but it is highly impractical 
to wait for students to arrive at a meaningful problem 
SlEvetiom mine ne ai Lial stages Of INSLIUCTION., However, 
by stating a problem in an incomplete way, and within 
ae cLodceLGamcwork, —OpeOLLUnILyY 2s Supplied for the 
students during the course of their exploration period 


tor Leger ie ana Clarity tne original problem. In this 


way the students play an active role in the formulation 


6 Joseph J. Schwab “The Concept of the Structure 
of a Discipline,” The Educational Record, Volume 43 
Jick ltgiajy AVCISNAS bye <j apg Gl GC] Op Sa 


7David P. Ausubel, “Facilitating Meaningful Verbal 
ReotWingeine tice Olassroom, lie Arithmetic Teacher, Volume 
omhebruary, 1968) po. LoUsrol. 
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of the problem. 

Tiresobrectivem_henvof this, finstiestage,.of the 
Mathematizing Mode is to place students in a mathematical 
environment to which they can react with the hope of 
getting feedback from the subject matter itself. Davis 
refers to this as coming face to face with the mathematics 
Lisel fo sileermmachivety tnethegrorm ofspersonal imcquiry 
is the essential characteristic of stage one of the 


Mathematizing Mode. 
iV. - olACE, Two 


The second stage of the Mathematizing Mode should 
take the form of a “brainstorming session.” The teacher 
acts only as a moderator and a scribe. Every suggestion 
and attempt at a hypothesis is accepted and recorded intact, 
without any hint of evaluation. Each statement by a pupil 
is to be rewarded by the teacher as contributing to the 
learning process. The pupils are encouraged to give 
freely any solution or partial resolution of the problem 
Situdimonm. “Winws emoompanixeshat therpupids realize, that the 
PoLmu at Lonesome dad) pavetally correct or even of a wrong 
hypothesis is as valuable to the development of the lesson 


as a correct or complete generalization. 
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According to Whitehead, 8 HieLeersccieLoneiconista hates 
the major role of the teacher, to assist discovery on the 
part of the pupil by stimulating the already active minds 
to make new discoveries on their own. How? By strengthen- 
ing and exercising these powers already within them. 
Tica dese sei nalineswathewitcrockt sr conclusion that: 
Manymocoplesteel that surely practice at discovering 
is best treatment to teach children to discover informa- 
tionebyi themselves. -Minwany events itimay-bel'diffiicult 
to convince many that one can learn discovery best 
by some other route other than simply practising the 
terminal behavior.9 
Szabol® contends that one of the most important 
phases of a student’s mathematics training is the developing 
of an inguisitive attitude. He also states that students 
can learn how to search for patterns and that they will 
be able to use this knowledge and technique in solving 
new problems. 
Richard Suchman describes one method of developing 
ile) Wilt vere wel Smale Old st: 
The procedure used for making children aware 
of the inguiry process is something we once termed 
Inquiry Training. (We have been sorry about the 


word “training” ever since.) We have produced a 
series of films starting with physics (we now have 


8alfred North Whitehead, The Aims of Education 
(New York: McMillan Company, 1959 Ch Velem wee 


OM. Ce Witt erock es the Learning by Discovery Hypothesis,” 


Peau nomeyellscCOVvel) e-sancllL cal appraisal, edited by Lee 
Shalimar Cuevane heise! ér) (Chicago?! Rand McNally & Company, 1966), 


joy) eae 


10s+even pido opmeociicacema:kseOn Discovery, wlhe 
Mathematics Teacher, LXI (December, 1967), pp. 839-842. 
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economics and biology, also) which are designed as 
discrepant events. They pose episodes which the 
children cannot assimilate without accommodating, 
Cleateveastmeane.yzing the event 2tself until aessimi- 
latHonwisspossibbe., The fidmasithen the focus..and 
offers the initial motivation. Next, we provided the 
freedom by allowing the children to ask yes-and-no 
Guesiirons wordather their data. These are questions 
phrased to be answered by “yes” or “no” but the 
teacher may qualify the answers where necessary. The 
CVesTJONsee Ley noceanrempiesLO.elnct tL explanations,or 
theory from the teacher but are strictly for data 
Gathering, 11 

Pupils who werestrained in this particular, inquiry 
technigue tended to ask a greater number of the right kinds 
OPACUCS LAONS sad houghethe, cad bre, ot questaonsacdidenot 
seem ro ,improve greatly. 

During stage two, as well as in stage three of 
the Mathematizing Mode the students should be encouraged 
in the use of “intermediate language.” A precise 
Mathematicaleocscripraon shouldenot, be required from the 
pupils until the concept involved has been incorporated 
into their cognitive structure. .The students should 
realize that the “thing” exists by itself. A name is 


MSECNLOBMGCH itd yale aondea Lormulasmay be emoloyed to find 


tueulcclLy ee Lectcion in the use of a language is an aid 


113, Richard Suchman, “The Illinois Studies in 
Tngquiryitina ining, Y Journal sot Kesearch .n.ocienge Teaching, 
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Lo remembering and=aisctUssing a’ userul concept. It should 
not be made a stumbling block to the learning process. 
Hendrix?” describes this “nonverbal awareness” method as 

ene in which a students learning is lessened to not requiring 
him to verbalize the generalization being taught. For 
example, a student may have learned the manipulation of 
multiplying fractions without being able to express verbally 
what he has done. Hendrixts Cudeaestudy tsing the =concept, 


“The sum of the first n odd integers is We te 


Her results 
indicated that the students who discovered the concept 
independently and left it unverbalized exceeded in transfer 
those who first discovered the concept and then verbalized 

Dewees lhis =Lechnique “ofJjdelayingsaverbalization is characteristic 


14 The Leicestershire Mathema- 


of Beberman’s UICSM project. 
Eres Projectt® haspeirom its inception “in kloos, “emphasized 
the importance of preverbal mathematical thinking, and 


has used physical material mathematically structured in 


12Gertrude Hendrix, “A New Clue to Transfer of 
Training,” Elementary School Journal (XLVIII) December, 
PSAP pp ntl 97-2037 


13Gertrude Hendrix, raining oy Discovery lhe 
Mathematics Teacher (April, 1962), pp. 2 


14viax Beberman, An Emerging Program of Secondary 
School Mathematics (Cambridge: HamvardmUnivers ty reress, 1958), 
Jeicr SCAN Re 


Set P, Dienes, The Power of neo (London: 
Hutchinson Educational Limited, 1964), p. 9. 
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48 
such as way as to make it most probable that such preverbal 


. further suggests that 


thinking is initiated. Dienes* 
children engaged in manipulating mathematical imagery or 
structured materials evolve their own kind of rudimentary 
Ssymoolism. “sA=rteCrist attitude on@thetpartiof tkhesteachéer 
can, in such cases, retard or altogether stop learning. 

In stages two and three of the Mathematizing Mode 
attention is drawn to this emphasis on the nonverbal 
aspects of mathematical insights and the possible danger 
Ompremalure= Verba liaZartton,. | NOL ON Lys 1sea tp possibleMito 
hinders cating, our, Witnourt Gue™caretinethiserespect, 
LOLemlcCartmiIng Of Generalizations may take;place in an 
atmosphere of discovery learning. 

There is certainly no implication here that a 
precise verbalization involving rigorous proof and exact 
symbolism is not an important aspect of mathematical 
learning. Indeed this is the case. We only wish to 
emphasize that verbalization is not a necessary indicator 
that a student understands a generalization. The 
student can do much in the way of mathematics without 


calling on all the precision of mathematical language. 


l61phid., p. 135. 
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PzeboummDoiNnt Ss) titis outs 


Patterns are, of course, very important. Recognition 
of patterns is basic in discovery generalizations at 
all levels from the most elementary to the most advanced. 
At the most elementary stages one merely tries to have 
the students become aware of generalizations. Students 
who recognize the emerging patterns can give evidence 
of their awareness by using the generalizations involved. 
No proof is necessary, nor is it desirable to attempt 
one.’ In fact; there is evidence.to support the fact 
that too early verbalization of discovered generaliza- 
tion with mathematical immature children can be 
damaging to the learner, due mainly to lack of verbal 
facility. Students should be encouraged to give 
precise verbalization of generalizations after they 
have exhibited an awareness of those generalizations. 
Even later, when proof becomes a natural part of the 
student’s mathematical tool chest, manipulation of 
general statement according to principles and rules 
of logic can lead the way to more sophisticated 
methods for discovery of generalizations. 


More, however, will be said about the necessity 
and the usage of symbolism in stage four. | 
Pe isnostelmpoOnLanbiduning stage Lwo that 
students be convinced that no progress will be made nor 
learning take place unless they make a contribution at 

this point towards the lesson development. Student 
activity in the form of offering hypotheses is the 
essential ingredient to this stage of the Mathematizing 


Mode. 


17Steven Szabo, “Some Remarks on Discovery,” The 
Mathematics Teacher, LXI (December, 1967), pp. 839-842. 


- 


2 
¥ yy 


aT | 


‘ 


: t ~~ a 
. notsinne sss = «1h F1cepmy year 
4 ‘ 
7 : +m €isos det eve nao YIS 7 = 
f " os os 5 = 7 ~ + wr 
: besinevbe f2om. ofiy, eee. sae 
44 4 => * et oh ¥ x on Se 
 eaeec ot getty \leten ane aes p te a 
stanbutt aAnobtsaslersnae joe ped sine ust 
5 3 614747 ate - +e" , Sew . 7 
sive ett y $ ayis ian Ss ee Paes oats Tema - az Se ERDOOR ae 
a ek TF ' ‘> ; - ae 
povieral paortesitsusnsp Shi pares ee Speotpws AS 
ot Ab ee Ve =? oat car tat ree ’ . = 7“ — ; 
‘ j tng bt 5 4 ef —. . . oh iy 4 | 2 .Vtee S5]59H% 34 eee OF 
msl sh- Os Sa bee ~ i of Mise 
S22 act 2tedy: 4 2onebive be Saeat y20e> te 
=£9 > 1 ar 137 SSOPayvrooalo 10 Less Sed i pis Ysine ies 
at : = not? b a iP srs faq fT Bmens po Lsaw 
— ae p 7 - ~, a a = 
feck Sh + r) i ak I .7 } Dre fs . “Sn TSSaL ayi4 i eee 
pani ms us 7 ¥ - F ‘ sabe F 
Tit. GI .¢ i 1. ot Lt ie ets hia Si Va Las : 
<r ‘ oh > “| “cy C5 “af re, ix oe = Pua) SiC Dies t Lea Ley ae Toa tg 
% - Se it é - = ; ; : 
= 1 Hr gant 6. 4gaore Vie ILS agar a oval 
gate ¢ 7 ‘ = * 2 sah *y + Peep ace meve a 
arid ‘ abe é =- ‘4 - 
. F< } + Tee ’ Set be : A wey th 3 oak : ‘rqpbese., 
. bas 2olaioc to! pethtoage teomemete Semen 
y omy} 4 at ors t a} ] } Loa si) Seed iy eS inal : J 
Vive : - keE Sits ies ytov see 2b hes awe 
ee. be ber pitas Bs + [Ti tevewor 
& dd Ke a? int & 4s : . he ~~ ¥i > : 
ie ” 7 a ae ts a 
i7 f A * Fi i ALk Fr Le he a 
6 - 
is J —<— $b Swe ee ae ; JT LES MIL, 3 
ton obsa ed L[itw seorporg oir tediebeon le: 
+z. TOLteoias 5 aien yer Beale eunid 
nw 
tnebute  inenqolsaveb: tencel oot) epitaw 
oat of aseedioavd walrett6. toe mee 
i é : seu a ‘ 7 s Fu 3 . ££ 
Doris lt Ao att to Spsetda Bint of Jean 
; ’ z Lo. jk ats ea Tea? 
edt! “.wrevote tl. ao aaveuet\emee” ~odage may 
AP vr is = : wT ff 
ee P= ce otf 4 oi 4 -¥ | lie wet) tA rein eee 
! 
4 
it ' v 
a 
7 
7 - 7) 
_ 


Ve “SlACE THREE 


The third stage of the Mathematizing Mode is 
characterized by a critical appraisal of those hypotheses 
suggested and recorded during stage two. It Oe this 
time that the evaluation of hypotheses is first encountered. 
The teacher must initiate questions and lead discussions 
which will enable the students to test out their hypotheses. 
It is during this stage of the Mathematizing Mode that the 
students have time to reinforce those hypotheses that 
stand up under testing and also to unlearn under their own 
guidance those hypotheses which they can now evaluate as 
being wrong or Only partially correct, The students at 
this point should become efficient in disproving hypotheses 
that are false by the use of a counter example. It is 
during this stage that students should develop an attitude 
Of suspicion regarding hypotheses or generalizations. 

This is accomplished when students see for themselves 
that many of their hypotheses are wrong or only partially 
COlrlect. 

During stage three of the Mathematizing Mode, the 
teacher reveals certain non-discoverable materials, especially 
definitions and conventions. An example of these would be 


the accepted definition of the slope of a line as being 
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"the change in y divided by the change in x”, or the 
conventional way of describing the position of a point 
in a plane. Certainly there is nothing wrong with a 
discussion of the various possibilities for describing 
Pes LODoNOle GurliNe Omsche position ots axpodniy ingas plane, 
but eventually the pupils must know the existing convention. 
It is to be noted that a discussion of these existing 
possibilities will convince the students of the need 
for a generally accepted definition or convention. 
Once the acceptable hypotheses have been isolated, 
Se ceLrasinvamount of practice should.bes provided. in 
choosing.questions for practice, much attention should 
be given to choosing those problems which extend the 
student’s cognitive structure as well as those which 
merely reinforce the already established hypotheses. 
In this way, the practice sessions for the present activity 
Can serve as exploratory sessions for the next activity, 
and weeterisgee of ideas is maintained. If possible the 
problem situation for the next exploratory sessions should 
Demet arecmoy since DUpIG dclasesuli or their practice 
Petron mr Oly a rel ersa tor tide eased LLLCk: 
Let me recommend to you here just one little 

Dpagmecd a tLinc. -sleL Lie SLUCEILES, acLively Contribute 

Lon iemrolmulalionsol sure problem That they have to 

solve afterwards. If the students have had a share in 


proposing the problem they will work at it much more 
actively afterwards. In fact, in the work of the 
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scientist, formulating the problem may be the better 
part of discovery, the solution often needs less insight 
enere Giaing Mama than eihe erormila tion .! hus, tim betting 
your students have a share in the formulation, you 

not only motivate them to work harder but you teach 
them a desirable attitude of mind. 


If the students are unable to formulate a suitable 
problem, then the teacher, as described earlier, must do 
SOuin Droed Lezmspends.incompletelyelnsorder to allow fox 
the above mentioned pupil participation. 

There are still two important teacher characteristics 
which must be exhibited during stage three if the spirit 
of the Mathematizing Mode is to be maintained. The first 
ano Morne Obvicotiseisethat all avenues of solution are to 
be considered. ‘There is no one way to solve a problem; 
there are many equally good ways. Davis refers to this 
as-listening teosthe child: 

It may seem superfluous to mention that the 

teacher needs to listen to the child as carefully 

as he can. Nonetheless - and this may be symtomatic 
of the teachers view of the learning process - many 
teachers do not, and many fine and creative responses 
of students are rejected as wrong because they do 


Rot MeO 7LOnIELOm cleweDr vOlt sexpeC La uions Of MLhe steacher. 


Indeed, listening to the child’s suggestions appears 
to us to be one of the cornerstones upon which new 


18George Polya, “On Teaching, Learning and Learning 
Teaching,” American Mathematical Monthly, Volume 12 (June- 
Grrl MOG So) a. POLS. 
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MachematicoulemouLit. Dont, require the child to 
Fea eyOuUl MLN, Com  - LeCcultresniim= todo “bt your way 
--show a simple respect for the child’s intellectual 
analytical, and problem solving autonomy and you will 
discover that he is a much cleverer child than you 
had ever imagined: 

How can the child improve his own personal 
cognitive structure when it is only the teacher’s 
cognitive structure that is ever discussed. 

This attitude on the part of the teacher has many 
good effects on the class as a whole. It encourages 
pupil talk; they know that their answers are considered 
Gomi MpoOLTanG. = laa llowse1OnTeolricent redicrion Of 
GOGna Live strain, airtel CONnsciencious personal anguiry, 
EHempubLE ds able LO report the results or hiss findings. 
Foivally ee tue O1Ves setistacCtion Lo the Dupin” who enjoys 
revealing to the rest of the class a novel solution to 
a problem. Each of these factors is a valuable source 
ee eS otCeNOt ya mlole tor tile OUD N Ls 

UiemsecOnCecNaracrenlstle mas LO CO wicir the 
effective usage of an open-ended lesson. The philosophy 
of the Mathematizing Mode is that the teacher should not 


be too anxious to reveal to the students a complete (if 


there is such a thing) story of the mathematical principle 


19Robert B. Davis, "The Madison Projects Approach 
Peomcme Wee or istic On wa Jouriel Ol akhesecarch in Science 


Tesching, Volumes, CApril > 1964) Ppp. T46=062. 


o4 


involved. We are certainly not advocating that the 

Mathematizing teacher should be classified as that type 

of teacher referred to by Davis20 who, seeking a tool 

fOr ssacistic purposes OF status fights with students, 

makes use of discovery by witholding assistance when the 

Gnilogneccc it badly. 8c Te enotepossible to protect 

children from gathering wrong (partially correct) ideas; 

hopefully however, by a succession of approximations, 

these partially correct ideas will evolve into a more 

complete understanding of the mathematical concepts. 
Davis¢! feels that this view of learning mathematics 

Reaswmenyedi rect Implications for the classroom. For one 

thing, it encourages the use of readiness building sare 

preliminary unstructured exploration in order to allow 

the child to build some basic relevant cognitive structure 

which more systematic instruction can seek to modify. Again 

this picture is consonant with the fact that everything 

anyone of us knows is wrong or at best, partially correct. 


i etsetcolisch then Lo expect our students to learn every- 


20Robert B. Davis, "The Range of Rhetorics, Scale and 
Other Variables,” Journal of Research and Development in 
Houcationmvolume LL, Numberslh (Fall, 1967) p, OL. 


4lDavis, op. Cite e647 opp. 4 o-1 61, 
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thing correctly from the beginning; never to leave the 


classroom with a wrong ideas, or an unanswered question. 


If we consider Cp to be the present cognitive 


structures ote thes chine, Davis?2 tests the criteria for 


its acceptability, regardless of its being an imperfect 


mocelrotfmihesrealesituation. 


(1) 


Pott hiicw oan cue rhcognitivens  ructure/ aCp. 
suiteablestorethesassimilation of the ideas with 
which we are presently working? 

PSsieb ust parmtacilerrcooniiiavess Tuctures.ep, a 
suitable one from which we can ultimately arrive 
A ieeemMore=sopiisticated is-ructure, Corly 

Are the emotional, social and cognitive aspects 
Ot Clname vasisroommstichathaththerchildawiid 

easail yamower irom one; Cognitives Struc tune;sCo, 

to various more suitable ates Gievliay (Cenc es) Fay 
Lie WiatepOintwis it desirable for the child 

to become aware of some of the limitations of 

a given structure, Cp? When should he develop 


the new structure Cptl? What should we, as 


22T bid,» ps 158. 
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| 96 
the teacher, do in order to play midwife to 
DRS oe ieOtweseructures; cow lsy a. el. 2 
Davis concludes with the remark that the student 
who graduates from such a program of mathematical experiences 
should among other desirable attributes, be adept in 
discarding one cognitive structure and replacing it with 
a more adequate new one, and he should have the wisdom 
to know when this is advisable. 
It is noted that the above teacher behavior is 
important during all phases of the Mathematizing Mode 
Oils WalicE wOny, eVenEnOUCh ad tudGe.mome applicable during 
stage three. 
Summarizing briefly, stage three of the Mathematizing 
Mode offers mathematical experiences to the students by 
way of a teacher moderated, seminar type of classroom 


discussion.and practice exercises. 
Vila LACKS hOUR 


The fourth stage of the Mathematizing Mode consists 
in a summary of the mathematical principles involved in 
the preceding three stages. The teacher must introduce 
a precise mathematical description of the ideas already 
discussed. He must make the students fully aware of present 


day conventions and language but they must also be made 
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O7 
aware that language may change and conventions are subject 
to revision. He must convince the students that symbolism 
used in formulae are arbitrarily chosen and that the 
formulae themselves are useful as aids to memory and as 
short-cuts to mathematical calculations. As seen in 
our previous discussion it is sometimes best to delay 
this stage of the development until several activities 
of learning have taken place. However, this stage is 
necessary and must not be omitted in the overall picture 
Ora learning) sursuatri on. 

Beberman ae while advocating the advantages 
of preverbal intuition, warns his readers that precision 
in the use of mathematical symbolism should be a final 
outcome of instruction. Dienes further adds: 
Camry ange OULea hatist comma tions wa thou the! heli 
of symbols very soon leads to an impasse, because 


werecannot® keep! in, mind; let alone’ process, the 
information needed to effect further transformation. 


24 
The student should be engaged in verbalizing the 
mathematical principles involved and in assimilating the 


Pir ormarvorem LO se anow prepared Cognitive stiructure., 


23a x Beberman, An Emerging Program of Secondary 
School Mathematics (Cambridge: Harvard University Press, 


1958), p. 26. 


247oltan P. Dienes, The Power of Mathematics, 
Butchinson educational bamited (Mondon: 1964), p. 15. 
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He should be actively engaged in the solution of problems 
using symbolism and formulas. A word here on the danger 
of short-cuts is in order. We have already mentioned the 
dangers of premature verbalization and those of 
assimilation Oferta ctse 1AtoO.an inadequately prepared 
cognitive structure. The students must come to realize 
that formulae and symbols are only used to describe 
concisely something that is already known and understood. 
They are not an end in themselves. 

ihe aneroouctiensot this precision in®almathematics 
lesson is only possible when the students have already 
acquired a knowledge and understanding of the principles 
being described. When it should be introduced is unique 
to a given classroom situation, and only the individual 
teacher is in:a position to judge the feasibility of 
its use. Eventually, however, the student must realize 
the importance of possessing the ability to understand, 
speak, and read mathematical language. This power enables 
Mim tO advance throughs Otiererextbooks on his own and to 
make more sophisticated use of the discovery process. 


Szabo”, makes reference to this use of symbolism: 


bo Stevenmozavo yk Come: hemarks: on. Discovery,’ Lhe 
Mathematics Teacher, LX (December, 1967), p. 839. 
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~~ e when Ae becomeswaelnatural spartior tthe 
student! S Machematical tool chest, manipulation 
of general statements according to principles and 
wules ot logic can lead the way to more sophisticated 
methods for discovery of generalizations. 


It is in this latter case that the use of symbolism 
has a powerful application. When a certain degree of 
proficiency te -exiibitred by the pupil? in the use’ of 
symbolism, exercises may be assigned as an activity in 
which the pupils, not having a previous knowledge of the 
applicable formulas, may actually generate hypotheses to 
derive suitable formulas. In this sense, the students 
are generating as it were, their own mathematics. Beberman2® 
sums up this close relationship between the discovery process 
and precision ‘of @language: 

These two desiderata--discovery, and precision 

in language--are closely connected, for new discoveries 
are easier to make once previous discoveries are 
crystallized in precise descriptions (it is easier to 
discover how to solve equations when you know what 

an eguation and a variable are‘), and skill in the 


precise use of language enables a studént to give 
clear expression to his discoveries. 


Neo ay 


The Mathematizing Mode of instruction consists 


20Max Beberman, Pele Tonio hoomal lon nO eCOnCa Ly: 
School Mathematics (Cambridge: Harvard University Press, 
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60 
of the cycling of these four stages. It is suggested 
that the first three stages go through several cycles before 
stage four is invoked. It is also suggested that stage 
one is more loosely structured than stage four and that 
the stages of instruction become more restrictive 
as the unit progresses. In fact, the final time stage 
o7epoCC Urs ede Ole bistruCcimOn, mite willl  beworogr cessive ly, 
more structured than the previous stage ones. This is due 
to the successive changes in the cognitive structures of the 
pupils. Also, it is noted that the students may initiate 
the activities of stage one from their engagement in the 
discussion and SeG8IeS wasters of stage three. Ideally, 
Pie redcCiemisteps OUL Or the learning situation. , In this 
case the students would be creating mathematics on their 
CW tr ney would, in the=ecrm or bruner, be acting like 
mathematicians; or in Davis’ words, the students would be 
brought into a direct face-to-face confrontation with the 
MeatLhematics 1tselil. eihas "is indeed a deésirabie= outcome 
for our stucents.  TheMte Mowing table 1s offered by way 
CHraucUlmahyeOn tue four stages. of instruction, the teacher 
behavior accompanying each stage, and the type of activity 


in which the students should be engaged. 
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SLACES 


Stage One - 


Hikiengerstiveteateya 
omihe Aetivity” 


Stage Two - 


(2re ins fo ring 
Session” 


Stage Three - 


“Seminar Type 
Discussion” 


TEACHER BEHAVIOUR 


Presentation of 
activity (when 
necessary) 


Arm the students 
with an expectancy 
iNet pa trenmremenlst. 


Recording of 
Hypotheses 


Stress non-verbal 
aspects of mathe- 
matical generaliza- 
LLoOns 


Initiate questions 
EOnacsis teil evalua 
DIOneonwiypoetheses 
(when necessary) 


imtroeguction of 
necessary conven- 
POMC r ina toms 


Peron practice 
exercises which 
apply and extend 
the generalizations 


Pursue many solutions 


if offered by the 
students 


> LUDENT ACTIVITY 


Persone. inquiry 


Search for patterns 
or short-cuts 


Presentation of 
ideas 


Use of “intermediate 
language” 


Exhiiott inca sitive 
attitudes 


Discussion & 
PVelveacion OL 
hypotheses 


Use of counter- 
example in 
disproving wrong 
hypotheses 


Exhibit suspicious 
attitude toward 
generalizations & 
So mim cusses. 


Possible suggestions 
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STAGES 


Stage Four - 


“Summary” 


TEACHER BEHAVIOUR 


DES ag hheeh eh ves 
mathematical 
@ueaigule lye kreycy alba) 
precise language. 


Picord wractice in 
the use of symbolism 
and formulas. 


STUDENT ACTIVITY 


Verbalization of 
mathematical principles. 


Demonstrate an 

abil iby Tosa op Ly 
mathematical principles 
to selected problems. 
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CHAPTER. LV. 
THE LINEAR FUNCTION 


inet histekapter, gan attempteismmadedto allustrate 
the use of the theoretical framework of the Mathematizing 
Mode. A unit of instruction, encompassing the linear function 
and related topics is developed, and this is presented to 
a grade eleven class. It is a test situation to assess 
the feasibility of using the Mathematizing Mode to present 
an entire unit of the grade eleven curriculum. In the 
development and presentation of ie Une eaieat Lemp tyts 
also made to identify the four stages of instruction as 
outlined in the theoretical framework. Since two observers 
were present during the teaching of these lessons, their 
comments are also included in the description of this unit. 
The approach taken to the linear function was that 
of the cartesian co-ordinate graph. Certainly the graph 
Gs aulunearsnanecsloneconraingnas muchgintormativongorymore 
than either the rule or the table of values, as both are 
obtainable from the graph. The graph has the added advantage 
of its visual form. Certain activities are now described 
which help the student establish a framework for the 


problem at hand. 
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Plesetrtationweor rie Probleme, Pne-s tidents were 
asked to establish a name for the graph of a straight line 
in aplane. (The line was presented by means of the over- 
head projector.) 

Comment. The students were allowed to consider 
therproplem=for-a short time, but Fr was’ obvious that 
other problems were occupying the student’s minds. These 
problems arose through discussion and it was soon established 
that there was need of some reference point from which to 
Start and also a pair of reference axis through this point. 

From here it became apparent that the reference point, 
(the origin), and the reference axis, (the co-ordinate esttys) 
must have names. It was also established that some type 
of scale along the axis was needed. 

The naming of particular points in the plane was 
hypothesized, and the students suggested two methods. It 
is interesting to note that when using ordinary language, 
“two over and three up” results in the same point as “three 
up and two over.” ‘When ordered=pairs of numbers are used 
however, there is a great difference between (2,3) and (3,2). 
Herein lies the source of the two accepted methods. At 
Weep Lie 10ed Or am=CONVENLion. Was imcroduced by 


the teacher, but those students who wanted to use the other 
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method were not discouraged. For a while then, the class 
was faced with the problem of giving each point two names. 
In time however, all the students adopted the conventional 
method for naming of points in a plane. A prepared overlay 
ee co-ordinate graph was then superimposed on the line 
and the problem was reduced to finding a name for the line 
in the co-ordinate plane in terms of the co-ordinates of the 
points on the’ dame vw" ine ally it was a Good example of a 
problem stated inexactly by the teacher, and refined by 
PReeDupaL Ss. Mette also ms Litistraveat a Good method for introducing 
a mathematical convention. 

Hypothesizging. ~The students attacked the problem 
individually, by finding and predicting more points on the 
line, and by finding a relation between the co-ordinates 
ef these points which distinguished them from other points 
on the plane. | 

Other points on the graph of the line were easily 
predicted after the general pattern “two up, one across,” 
was observed and also, after working at it for a few 
minutes several students offered such names for the line 
as: 
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Evaluation. A means of checking these rules was 
applied by the students. Several points on the line were 
substituted in the equation to see if they yielded true 
sentences. 

summing Up. “There are two conditions which must 
Be satisfied relating to the graph and the rule, 

(1) every point on the graph of the line must have 

co-ordinates that satisfy He 1G bully 

(2) every point whose co-ordinates satisfy the rule 

must be on the graph. 

Comment. Activity one is a rather trival activity 
for a grade eleven class and many problems were raised and 
solved through class discussion, which might otherwise have 
resulted in much personal inquiry and hypothesizing. This 
also explains why no wrong hypotheses were generated and 


the brief evaluation stage before summing up the activity. 
ite RCP. Ae, 


Preece lal LOlmOneiicwr TOolem. 6 page OL Graph papery 
was distributed to each student, and they were asked to fill 
in the names for each point, to make any pertinent observations, 
anGuLOepick OWL some Straight lines of their own and find 
tules for “Lhem, 

Comment. After a short while several generalizations 


were accepted from the students and the teacher wrote these 
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on the board. Set builder notation was encouraged from the 
beginning, but other verbalizations, no matter how clumsy, 
were accepted. 

MoareominCOrrancteat Lilcepount thaw the teacher must 
bring himself to appreciate a wrong or incomplete answer, 
and work with it, as it is just as important to the develop- 
Henig PeLNeawnolends a COlrectranswen. 

HypotiesitZinG.eeiere waerq partial list of RUE EE Ee 
that were presented by the pupils. 

(1) In the upper left corner, x is negative and y 

DSepOsetive. 

(2) In the upper right corney x is positive and y 

is positive, 

(Se Wins thes lower Lert corner,%x is negative and y 

is negative. 

(Ay flong scaerc-axisc, y = 0% 

(ma evong st iem~aaxt Ss soca — a0. 

(OMe lieceOLrig ino, Ul) is sspecial. 

(7) Along any horizontal line, y has the same 

value. 

(8) Along any vertical line, the x value is the 

same. 

(9) Sums of the co-ordinates on a horizontal or 

vertical line are consecutive integers. 

(10) Sum of the co-ordinates along a diagonal line 


is always the same. 
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Comment. A discussion of the word diagonal turned 
out to be quite messy. It was agreed to call a diagonal of 
a square, “special diagonal,” and the diagonal of a rectangle, 
“ordinary diagonal.” This intermediate terminology was soon 
forgotten, but it is a good example of staying away from 
precise terminology initially. 

Evaluation. Each of the above hypotheses were 
discussed by the class, and evaluated. One student chal- 
lenged the last hypothesis, which did indeed prove fruitful. 
The counter example was the special diagonal through the 
origin with slope one. Here it was observed quickly that 
the difference between the co-ordinates of any point was 
zero. Two families of lines were then identified. 

EU ee ule ty Here can 

(2) {(x,y) |x -y =k, x,yeR} 

Comment. It should be noted that the teacher wrote 
downmtha siconvenBion weéset builder notation, arbitrarily. 

One student rejected the cumbersome naming, but 
another insisted that the designation of the replacement 
sets for x and y was important, or else you would only get 
a series of points and not a complete line. However, this 


precise manner of naming the replacement set was soon dropped. 
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Another significant observation that came up in 
the discussion with regard to the line x + y = 0 was that 
all points below (to the left) had co-ordinates whose sum 
was negative, while all points above (to the right) had 
co-ordinates whose sum was positive. Even simple statements 
like the one above the teacher tried to put into the form 
of hypotheses which students were encouraged to accept 


or reject. 


Gi Ce Ve erik ee 


otatement of the Problem. The students were again 
supplied with graph paper. On one graph they were asked 
to draw and name several lines of the form x + y = k; on an- 
other they were asked to draw and name several lines of the 
Pome e+ — ee andeon a titne graph paper draw a line 
through any three points (an ordinary diagonal) and find 
Ehe Lu letro quunei welanes 

Comment. "the first “two parts to the problem directly 
resultedstrom the stage three of the previous activity and 
served as a review. ‘These two were dealt with quickly by 
the teacher and the hypotheses suggested are related to the 
Eile pall Of ches "acer aviLty. 


peveral students found names for lines of their own 


choosing and they hypothesized these rules for the teacher. 
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The teacher was careful to accept a rule in any forn, 
but he re-arranged it in several ways after it was presented 
lane ule, Seteyeyl Miss. 
Hypothesizing. Format for receiving answers from 


the pupils was as follows: 


ea 08 
Points Chosen Lx Oyen 0 B 
roy 0) 27 0.6. 2 Jee ea oetak ar yao ye Xa 
COR Ay) ENE ie Uy BOOREAN) RA ER Beene Oe oy MEY BMY ed 
(ono) (2,3 new (ale) Ese She Eaeh y = 3/2x 
C3y 0) 638) 1 ee RRO Ees) Xo" (Pointed out that this 


was not a diagonal) 
Evaluation. ~The’ students checked the rules after 
a surficient number had been accepted from the class. They 
approved or Gisspprovea’ on the basis of finding ‘a counter 
exam beon Oma DOIN Lom mle Ohapl whieh did not Salisry 
omen es 
Hypothesizing. The most important outcomes from a 
discussion of these lines (and others) were the ideas of 
Sreepness of a line anda direction of a line.’ It was 
hypothestucd by “the class= that: 
(1) All lines meting Trom rie lower right) Corner 
Low threw upper Lert have same signs for the x & y. 
(Wills lines running Prom the=Vower Weft to* the 


upper right have different sugnc tor he x= and y. 
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(3) Lines that are parallel have the same slope. 
(Note that the word slope had not been introduced 
aceyere) 
(4) It is not true that lines which have the same 
slope are parallel of necessity. 
(S) Two points are sufficient to determine the 
DOSMELOMmanCmcn mec r1OnsOl ailing’, 
(6) One point and a knowledge of “how many over and 
how many up” to the next point are sufficient 
FouOeterymines tie positon and direction of a line. 
Uva luai Ol wee wasoe at tnass soOint that, a discussion 
of a slope became important to the pupils. There was much 
discussion about numbers (4) and (5) above. Upon observa- 
POO hein WeapwoRmsummartecwor “Imes of the form x try = k 
and x - y = k, it was noted that in each case you move one 
over and one up to predict future points, hence the lines 
have the same slope. You can see the reasonableness then 
that, in the eyes of the students, Peeciuases (4) is true, 
but its converse doesn’t have to be true. To get around 
this, the teachers and students agreed to call a slope 
post tice te eiomlancewessOLethegrorm x - y = kK and 
miccamiverl: the ane was,of the form x t y = k. 

Comment. The teacher then proceeded to inform 
Reo DI oma tnincmsLODeHOma line 1s given by a ratio 
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development of a formula for finding the slope of a line, 
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SVGmliemselOchie Naas ttle trouble in eoplying™- this to 
HinCwmeMemslopessol Various lines, [mevyewere alsorquick 
to observe that it was indeed the case that lines from 
Tower beltiato Wooe, Tight Nac positive slope, “whereas 
lines from lower right to upper left had negative slopes. 
This is an example of a non-discoverable definition being 
presented to the class after they realized that it was an 
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SELemeONE Ole Mee, COOleM @ Flic Ss LUdents were Given 
sevens eales Eud esc-eontouri naseriergrapn OF =sucir, #sahey 
were asked to make hypotheses from the rule, rather than 
Teme he oimaseLOmmle uous Ole INalnG slopes, “Interceprs, and 
relationships between the slopes of parallel and perpendicular 
laa tei 

We used as examples some of the rules already suggested 
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es 
Cee vente) = 0 


ae Vee = 0 


Hypothesizing. From these and other rules the 


students generalized to the following hypotheses: 


Gy) 
(2) 


(3) 


(2) 


(3) 


(7) 


Lines that have the same slopes are parallel. 
The slopes between different pairs of points 

on the same straight line are equal. 

Lines that have negative slopes are perpendicular 
to each other. 

The slope of a line as found from the rule is 
the coefficient of x divided by the coefficient 
Olay. 

tiesxeand sy.int erecepis are fToundstrom the rule 
to be respectively -C/A and -C/B. 

The slope of a line as found from the rule 

is the negative of the coefficient of x 
Gavigedsoymnne  CocrLrIcient of ya 

The slopes of perpendicular lines are related 


such that their product is negative one. 


Evaluation. It was found during discussion that 


hypothesis 


(3) was the direct result of observing the two 


Pineseor tiem Olm x. y—k and x—-y-k. 


Comment. A suggestion at this point is that in 


choosing examples for this type of exercise that rules 


WLEenumerLLOC COCLELLCLentseone and zero be avoided as it is 
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G@asier to generalize to these forms than from these forms. 

Evaluation. Hypothesis (4) was seen to be wrong 
and all of the students were quite willing to reject-it in 
favor of hypothesis (6). 

At this point the teacher introduced the convention 
of (x,y) being a general point on the line and CS ien)« 
eo ea a eo oe CO esbec ti Cipoints. 

Presentatiomeor etnies robolem. §As a second part of 
the same activity the students were supplied with a slope 
and a point on the line. They were asked then to find 
Thesrule: endsdraw) lis) Graph. 

eg.) Find the equation and plot the graph of the 
ienenwi wes lODem.) Seand on. Ene point. (4,0). 

HypoLtnesiaingd.. 4 few of the students attacked the 
problem in the conventional manner: 

Let (x,y) be any point on the line 


Then wheesbope-of the, Line is . y-1:3 
x - 4 


But this is equal to 2/3 


y a = 


Lx — Be =P Sve 9 
x - 4 a 


2 
3 
and the required rule is: 
Wee ah Shy ae Me If) 
Other students (most of the class in fact,) approached 


the problem in this way: 


Since the slope is given as 2/3, then the rule is 
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2x Oy = Ul. 
DINncCem (fom seam pont im the line, then 
Al Vis OES Gc) baa aM Cee a8) 
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olla 1 ae Ae. 
Cea! 
Ande the required rule is: 
PA crane o IN gon te ad igen HG 

Comment. Both procedures were accepted by the 
teachereput further discussion resulted in most ofr the 
class adopting the second method. This posed a problem 
iene eels spOlLa Nor secouany Necessity LOr arriving 
GeGiemro uroWwIngeTolts Ob Tne Sitatont line, 

UL Sp See aenin x1) slope-point form, 

(2) Ney etc o) slope-) intercept form. 

(30 
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m(x - a) slope-x intercept form. 

2 aay ape 

1 XQ - Xy get) wo point form. 

In fact, when they were next asked to finda rule 
and draw the graph of a line on two given points, many 
students recognized immediately that knowing two points 
was eguivalent to knowing the slope and one point. Questions 
of this type turned out to be just an exercise in the slope- 
point form, and most used the second method. The students 


did not become familiar with these various forms of finding 
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devise an activity which would result in the students 
feeling a need to develop some or all of these specific 
short forms. The activity does illustrate however that 


several methods of solutions should be accepted. 


Ven VETS PVE 


DlaLemeniWor he Problem, «mind the distance between 
tWO.DOInLS .ana find wehe.co-cordinates. of the midpoint, of 
a line segment joining two points. Both of these problems 
were presented to the pupils and they were asked to find 
a general way of solving the above two problems. 

Hypo thesazing.. Iwoostiggesticns, were, ofrened: 

(1) use a ruler 

(2) use the Pythogorean Theorem 

After a discussion about the relationship between 
inches and units, the guestion was changed to read, “Find 
the distance, in units, between any two points.” 

It was hypothesized that we should use the Pythagorean 
relationship by first finding the slope associated with the 
lIfnethoining the dwos points: 

One student further hypothesized that if the line 
Joamange tieitwoapoints ws parallel to’ either the X-axis or 
Y-axis you can’t use the Pythagorean Theorem. Upon 
examination, he reworded it, “You don’t need to use the 


Pythagorean Theorem.” 
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Dval lation were cdiseussion of whether to use the 
slope or the exact units resulted in a conclusion that the 
slope could be used as long as it was not reduced, which 
Woosh Lect uUsingreneseexact distances, 
Summing Up. The distance formulas was generalized 
POStherTOLm: 
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Comment. There was more discussion here as to the 

difference in meaning between 
Vlisy ae te) andJa +Jb 

The class was also quite concerned over the use 
On Xo > X] OF X, - Xo- Did you always have to use the 
Dost ivemrcotlr mn co,masl am Lice inding of slope, 

did you have to be consistent in using (x), va and (X5,Vo)? 
Further discussion and some simple examples solved these 
questions and the students were given a few exercises in 
Which athey applied» thas formula. 

Dee senel sO lmsuLemE sO olen.) Ine second. part of 
Piet thedeChivity nadsto do: with finding the co-ordinates 
Of the midpoint cof a line segment joining two points. They 
were given the problem of finding the midpoint of the line 
Some mumiC ii nC Leo metOm/, 01) 
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(2) take half the distance along the vertical and 
half the distance Ane the horizontal. 
Evaluation. § Un pursuing the second suggestion, it 
was observed that the correct co-ordinates of the midpoint 
ayes (A 2) Aalet Ske AS ee 
Sula ce UD weno OMm Ne Lem iomc LUCen ts olrereded 


generalization: 
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Ye = 2 y = Sadly Sige 2 A 


oe te ee: A 
2 ay Wane. tatee 
where (X,Y) is the midpoint of the line segment 


Jorn inge (x1 qn) and (x9, yo) « 
VI. SUMMARY 


Chapter four shows the way in which the description 
of the Mathematizing Mode may be used to develop and teach 
emepeclliceUntesoteinetouction, Ine topics covered ere 
those that generally comprise the unit on the linear 
function and related topics at the grade eleven level. 

The treatment of the topic follows the general outline 

of the four stages described in the theoretical framework. 
Two of the strategies used which might otherwise be over- 
looked are: 

(1) The structuring of stage one becomes more 

pronounced in the activities towards the end 


Of the unit. 
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(2) The use of exercises in stage one. This 
enables a student to make use of the symbolism 
he has already acquired to generate new hypotheses 
relating to the solution of these exercises. 
hGgamrn ae hel sero, be: nokred thatwone rofimthe major 
difficulties is that of keeping a running account of the 
hypotheses offered by the students. The teacher should 
devise his own method of doing so. In this particular study 
the overhead projector was of invaluable assistance. 

A suggested improvement for this sequence of activities 
would be to include one which illustrates the necessity of 
knowing Beh eivardoussforms wor ache equationivof a straight 
line. Although each form of the straight line equation is 
a special case of the slope-point form, there are advantages 


to knowing how to apply each under special circumstances. 
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CHAPTER 
THE QUADRATIC FUNCTION 


The development of the quadratic function and 
related topics as well as their class presentation is 
described in this chapter. A different approach to 
Pepomeinomtnomemacmamuom le tomtaren. .rom that of the 
previous chapter. Observer comments are incorporated 
into the development and presentation of the lessons, 
enOmEnemsreGeo Ot sInstruerion are not adentified. This 
seems to be a good approach in that the stages of instruction 
should be obvious to the reader without identification by 
the author. Students’ names are use at times in order 
to present a more readable description. 

Again the topic was introduced through the medium 
Dee RoLapiwOLeticwguiagratic function. The graph gives 
the broadest frame of reference to the quadratic function, 
WilCi swell En aa Llows aphesieacher and pupils to “zero in” 


on the quadratic equation. 
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2 was displayed 


The graph of the parabola, uy er ae 
on the overhead projector. The parabola was clearly on 
aioe 00 Peale verte 49) °( 274), (3,8), (<3, 9); 


and the students were asked to come up with a rule relating 
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81 
the co-ordinates of the points. 

The students were allowed sufficient time to 
formulate their ideas and the following suggestions were 
offered: 

(1) The space between any two points parallel to 

the X-axis is the same distance from the Y-axis, 


and they have the same height. 


(4) Other points can be predicted by the rule: 

moe LWOws minCh utr sore OL Crea Lom. che 

Y-axis, and over one each time along the X-axis.” 
Cay Siresy value tor any point on the Graph is 

never smaller than 0. 

A discussion of each hypothesis followed, and the 
class agreed upon the rule; 

f (x,y) | y= x2, xeR, y2 o} 

The statement of the above rule led to a discussion 
concerning the domain and the range of y = x2, The 
discussion concerning the range involved much in the way 
of leading guestions on the part of the davon antennewes and 
Pawar OC source was eClitLtcGi4ed iiethat, tt was thought yes 0 
should have been a final learning rather than an initial 
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The activity was short-lived however, possibly 
because of its close resemblance to the first activity 
in the Waineaer’ section. Thesimportance) of the activity 
was not that the students arrived at the rule y = x4, 
but rather that the students were allowed to make all 
sorts of suggestions and really grasp the ideas of the 
graph. The idea of symmetry was important as well as 
the idea of a minimum value for y; even the idea of one over, 


one up; two over, four up; three over, nine up, etc. proved 


to be beneficial. 
ieee ACTIV TY wo 


The second activity was to find the effect on the 
rule of moving the original graph, (same shape as y = x2), 
to various points in the co-ordinate plane. The students 


were asked to try to generalize the formation of new rules 


when the graph is moved in a certain fashion consistently.t 


lThe instructor gave each student a piece of onionskin 
paper_and a piece of graph paper. A graph of the parabola 
Vi xX" was Crawneonmune onlonskintas related to ™the®oraph 
paper underneath. The students were told that they could 
move the vertex of the graph to any new point provided that 
DievekeOlL TiceOrapn inathe Vertical or horizontal position. 
They were able to see through the onionskin and observe 
points on the graph in the néw position. 


Other suggested approaches to this activity are to 
supply a cut-out of a parabola and move it around, or to 
supply a plastic overlay with the graph y = x42 drawn on it. 
The instructor made good use of the overhead projector during 
Lis eOLLViLLy . 


They moved the graph around and made observations as to 


new points and formulated new rules. 


Some of the hypotheses resulting from this 


exploratory period were as follows: 


(1) 


From the origin, if you move the graph up on 


the Y-axis, the equation changes from y = x2 


se) x2 + ety Ss x? TaN OGC.. 


If you move the graph down the Y-axis, the 


equation, changes from y = x? LOM as x? - ale 


yor x2 = 2, seOcC. 
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FromeoGigin,,»L—E you.move, Ehe,graph._up.or.down, 


(change in y), you add that change to the x2, 


Beomenne Origin, af you move if to right or 
epi a (chancgesin x) aevou ecdsorusubi;ract.that 
change to y. 

Le you cotate; 90% you set y2 
of the graph doesn’t leave the origin.) 

DE yOlmLOotatemLoOMeyou set y = xen 

If yourzotate 270° you.set«-y?¢ = x. 

If you move it over one space on the X-axis 


you get x ae ES a ae gen 


= pes \ecimeh Grieve) Sexe) 


iia OUeMOvC une sPaCcesmcOL tne right. on the. x-axis 


kécpindeyieno, you Getey i> (x) - n)4, 


If you move n spaces to the left on the X-axis 


you. get y = (x + n)?. 
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The period was almost at an end, and it was decided 
to allow the students to use the rest of the time to work 
on their own to test out these hypotheses. 

The first thing, next period, was to put these 
hypotheses on the overhead projector and to check each one 
through discussion. 

itawas found eathaneoy, (9). C10) are really the 


to 


same. Hypothesis (4) was exemplified by y+ 1l1=-x 
represent the graph with vertex at (1,0). The rule worked 
PO teu Ne Ont Ml) POU eRenda said that this is only one 
point. When further points were tried, the generalization 
was shown to be wrong. Several good questions arose 
from the discussion. 
(1) How do you make a graph wider or narrower? 
(2) How do you move a graph up or down and sideways 
at the same time? 
(3) Do these rules work when you invert the graph, 
and move it around? 
A tendency fom students to say “But this only works 
in a special case, how do you do it when etc.?” was quite 
apparent during the evaluation stage. This tendency on the 
part of the student to want to generalize to all encompassing 
situations is very helpful and is indeed a good motivation. 
It appears that this is exactly what mathematics is about: 


getting relationships of general types. The student is 
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then motivated to get general formulas; he wants formulas. 
Tare nohoUcrom Cane oLing him one Step turther along, 
to make him want to get his own formulas, then indeed he 


has achieved a major purpose of mathematics education. 
eee Ce ver eee ce 


PouetnesritrdsaCrrvEry. Tne instructor chose to 
pose the student initiated problem, “How do you make 
a graph wider or narrower?” Two graphs, (not the rules), 
were presented to the pupils on the overhead projector. 

IDE arc pr 
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ieee tet ecuaphewas Clearly on the points (0,0) ; 
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The second graph was clearly on the points (0,0), 


pel ee Wenn racine, ey licalsen a a ya ior! 
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(Clee premeen (0) eee  U e e(=2 O) 
The students were asked to find a rule for each of 
PNeSceQtaplis,sanG alich come Lime Spent in. personal ainguiry, 


they offered the following suggestions: 


Nek 


For graph (1) 2y = x2 or y = 4x4 
2 eee 


ieee Onl me Vek en 2X 


Pormoraphsw2. ) aesy. 
Further practice at testing hypotheses was hindered 
because no wrong conjectures were offered by the students. 


This is a typical example where the immediate response of 
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only correct hypotheses actually impeded the development 


of the lesson. 


2) = 


Demo Wa sme yaees 2X =). 2 


x“, y = @x° were then 
superimposed one upon the other and projected on the screen 


by means of the overhead. 


(1) y = 4x? 
eS eee 
QU {eS oS 


An observation of these graphs confirmed the pupils’ 


intuitive feeling about the effect of the coefficient 


Zs 


of x* upon the shape of the graph--as the coefficient of 


x2 becomes larger, the graph becomes narrower. 


As a sub-activity, the students were asked to 
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move these Graphs, y = =x¢ and y = Qx2, around, and see 


what relationships held. The following generalities resulted 


Lom Liev aluscussion: 


(ee lhescencral mertnod of moving che graph y = x4 


about, has the effect of changing the rule 
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y= x2 to Vee Xe) AY 


(2) This same general rule applies to moving the 
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as x Coes Up or, down 2, 7 does up 4 
aspx Cocssupsor, Cown °, VY goes up's 
Sela 
CO eee er aS COCs UD Or Gown |. goes up 2 
Qs x Goes Up oF Gown 2, goes up 8 


(5) For sy = 


i 


asm COecen Up or cow 1) 


wih 
PS 


Goes up 


ecux COCs UD, Or down, Z, 


we 
y 

asx COcssUp Or Gown 3, vYocoes up 13 
yy. 
y goes up 2 
a 


as x Goes Up or down Z, goes up 45 


“ by some number 


(OVS For aywicder Grapn,,muliply x 
less than one. 
aeons narrower graph, multiply x2 by some 
number greater than one. 
Meese Cc leg; rOomer ie accve sGisclission that the 
PEC cVvEomidrdrali se nCers Landing sO. a quadratic function, 
and the role of the coefficients in determining the shape 
of the graph. They also had a good working knowledge of 
eHe™ (VeGLeCxsiOLma Of cae QuadrariC FunctiON. oigniticantly, 


to date there has been no reference to the general form 


Opetie: GUuadraiao Tunetion. 
Ve yt en OUR 


The fourth activity was designed to get at an under- 
standing of the standard form of the quadratic function and 


once again the graph technique was used. At this point the 


. ee) 
: , 
a => _ 
’ 


* 


b qu ckoD ¥ - ft 3 Gn eae 9 
oans ene e ae 


¥oaP zeop x whe -¥ Pl am 


€ git seo0 ¥ 4«t 


8 qu emop % <6 to qu seqod = BS. 


# qv aceon y .- 


fed © 


$ qu eeap x is 


mob 
mwob 
§f£ qu eedp x 2 mwob to qu SS0p * Of 
fob to Gy uGop x as Sxi = y sot (2) 
nweb LO Cg 280y % SA | 
42 ot ae0m x (2 awob 10, qu asop x, 26 
yeduun Ames ‘Ya e, eight Lem ae sobese ° toF (a) | 
spn nedtt aeol 
satoa yl Sx eiqit fom ger sewortes 6 yot (8) 
ono asit teinegy sodmun 


eit thd¢t aaftsernscih avots eff woth teal af +t 


’ — 
>9 43) 
otfonyt obtesbeup s to putbnatstanny tists bed etnebut 


pastor", 


i+ 


eqeie edt patabireteb ot vetrpioitisos eit to sices ont a) 


49 snbéivond paidiow bod & Beil cogls yeiT .digenp edt & 
Witassitiasie = .notspeut sstshecadbics 5 to “mot xsiter™ 6 
mroY. ferensy sft of sonsielex on teed asi ered} 


sohionst of texbaup 
SOF YUEVEVOA avd , 


88 


inseructor chose to structure the activity considerably by 
presenting the students with the following series of 
functions to be graphed: 
Oh PSs Sas 
C28 
OP BPS x2 + 4x + 
(4) ny. 


During the exploratory period that followed, there 


= x2 OK mars 


y) 
= x4 + 2x 4+ (Gy) Sy = eT ee 
Me 


= 2x2 “im atte. Gk 16) 


Ch eh 
NI 


= x2 + 4x - (8) y = 2x4 - 6x - 9 
was considerable class interaction. 

Neivine wanted to vjust plot a tew points and fii) 
them in to complete the graph. 

Mike didn’t agree because “sometimes you can’t 


tf 


find the vertex exactly,” and besides, “there must be 
an easier way to do it.” 

Sharon became quite excited because she knew how 
to predict other points if she only knew where the “tip” 
was. “Tell me how do you find the tip?” | 

MLV iimOrCi- Caron keiths) was Loo Signiticant, “You 
MOlnalenavesto Tindsuse stip because that ts just the pownt 
where y is smallest.” 


Keith suggested a formula existed, "Why don’t you 


use the formula for finding when y is smallest?” 


Sed @) 


Bob said the formula was -x oo 
The a 
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Sharon, who was quite anxious to get at the vertex, 


wanted to know if it always worked. The instructor replied 
that he wasn’t sure if it worked at all. Sharon was now 
Gulrerangry oUt oo assured her that it would work, 

burwng= tie Graphing of these funetaons, Sen eieal 
students in addition to solving the original problen, 
developed on their own the technique of “completing the 
square.” They also became increasingly aware that the 
“vertex form”’of the quadratic function was decidedly more 
Wiser Wile rwanetie sstanaara LOrm. — 

The instructor then held a discussion on how to 
find the ‘completed square” form from the “standard” form. 
The class ended up with some rules, but nothing definite. 
Basically, the students just guessed, and then tried to 
work it out. It was clear however that the problem was 
that of verbalizing because they did have some system. 
Here it might have been a wise move to impress upon the 
students the necessity of becoming skillful in the technique 
Of “completing the=square. ~ 

The remainder of the period was then used to allow 
the students to put their work on the peavey Ime Ge iy) 
Ciameinogds emoloyea ailiustraced all of the technigues for 
graphing mentioned on the previous page. They are: 

GE PeeCloLeing mnoividudl points. 


(2) changing to vertex form 
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(3) making use of the sequence for plotting points 
Peover se 1. set . 
(4) use of the formula to find the x-co-ordinate 
of vertex. 
It is important here to emphasize that the students 
need to recognize the various methods used and to become 


Serr ruledieusing Var ous, Leciniqies, 
Vee SAGE VERRY. FLV E 


The fifth activity was aimed at arriving at a method 
TOLeiInadincmEne WemuLex, Nope ul lyre formula, and: also at 
the significance of the negative co-efficient of x*, This 
activity 1s really @ rephrasing of the previous activity, 
but it did, however, present a little variety in dealing with 
audi problem. The problem posed was that of finding the 
highest (or lowest) point on the graphs of the following 


Guae EdiprCmlunciiLOnms. 


(618) Sie (3c a Q)4 . 7 (5) y =x - 8x + 27 
(2) y= -x4 + 3 CO ag = -x? - 12x - 3 
(3) y - -2x4 + 9 eee ox 


(4) y= (x - 2) -7 

The students were given time to work on the above 
exercises. They had no, problem applying the results of 
Diemer Colac eI Vell cnOWwlngeiniat the Graphs of (1), 


(4), (5), (7) opened upwards and y had a_ smallest value, 
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whereas the graphs of (2), (3), (6) opened downwards 
and y had a highest value. From the discussion which 
followed, these observations resulted: 
(1) The students determined that ( )# was always 
positive. 
(2) Theshiches: or lowest value of y would”be 
when the ( )* term was zero. 
(op elieuve RUCHORMyeG Gar o1s DOInt was Jistethe 
COnSuat GE eLerm,. 
LeobeWwantodstoucOl vo Litomproolem lot finding 
the eet ere lowest point on the graph by virtue of 
the knowledge that the vertex was this point and just 
using the old format y = (x -Ax)2 is y eS Che eenwesS 
is really all that is being done, and probably Bob made 
iL Sspopescrvationlalso. 
The students were then asked to put their work 
Snethie boarc wor problemauio), (6), (7). 
FO Ve = x4 - 8x + 2 eee OU W OES a Leaver Lex. 
Toe Ae wane eam enlowes: point on the graph. 1 
Pe werangedtiesreruularto.y = (x + 4)2 4+ I.” 
Heya Skits,  efeve Sle aivatcigy Liens Uae 


John suggested writing down both answers and 


expanding them as a check. Thus: 
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| et theJanco ; 
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-* 10 + 8(S + x) = y oF Shomeot edd Bape 
“91 Bib 1 aedw ft oye T peri 
bes apwens Ato tural sachet. 
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(x + 4)2 411 (eed ) oS 7: 


Kk 
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x2 + 8x + 16 - 11 


= x2 TRO ee 7 = x2 ECM eS 


I 


= x2 + 8x +16+ 11 


of 


It was evident then that John’s answer was correct. 


Eom a mecie 81, BGs Pat wrote; “lhe *vertex is 
(6, -39) and this is the highest point on the graph.” 

Jolin sartaecl “got §.677"-3 3))i" | 

Atlan ‘saicns got (-6, 33)” 

Mike Sead SOU Mata -6 6=39)i7 

It was suggested that all these points be tested 


to see if they were on the graph, and it was found that 


(-6, 33) was the only point that satisfied the relation. 


Further checking assured the class that this was indeed 


vertex. 


the 


pharon/was asked how she arrived at the vertex for 


y = 2x* - 8x + 112 to be the point (2,104). 
i rOOme rou OT sine whole expression: 
y = 2[x? - 4x + 56] 

Z xx? - 4x + 4 + 52 | 

2 L(x - 2)4 + 52] 

IG, & Ne a AMOR! 


Aeris Domine keen eralsea tTierquesction, “How 
do"yow “tind “the vertex of any oner “Is there a “formula 


can use?” 
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Mike answered that the formula was “when x = -b/2a, 
the corresponding value of y is the greatest or the least.” 

tne Insetrucrom hanteds thateMi kes found) the) answer 
in the book, but in any case the exploratory period had 
been sufficient and the students were notsharmedeby*this 
statement of the, formula. 

When further questioned on how this formula would 
be arrived at Keith answered, “I guess you would have to 
WOLKsOULTSa GQUestion ising erters§insread.of numbers. % 

The discussion beksinl atest at this point, but one 
significant observation is pertinent: 

The best discussion results when the students are 
given sufficient time to work and then the work is 
DU bh Oe Ne board byethesstidents ae Vanietion, imimethods 
aud scxchancesHo it wiceas som, Ehegpew: of the students make 
a good foundation for active classroom discussion. It 
Wod TOS Cometic WaLlewodclselox LNe argument lies ingthe fact 
that a student is more apt to challenge the methods of 


another student, than he would a teacher imposed method. 
(ADS NCAR Cae ForlN.G 


The sixth activity was one of summation on finding 
the vertex and plotting the quadratic function. However, 


in addition, the students were to find: 
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(Westexisoftiesymmetry. .(defined.in class) 
(2); range. (defined in class) 
(3) x and y intercepts (defined in class) 
The definitions given in class were not in terms of 
formulas, but rather in terms of what these concepts mean 


in relation to the graph. 


Problems were assigned from text with the directions 


(aye plLoOminGs) efindh (i) ye C2.) a3) vabove’ 


(lkmeyosexivenoxees [Sow vara een eehiexes 3 
(CO) ase Se (6) y= -3x2 - 2x 

(8 )any =04x¢tue4uper 5 (7) y=uxe + 4x + 4 

(4) etyesexcecel Oxated (8) y= x4 + 4x + 6 


The students had little previous knowledge of these 
concepts, and as they were working they were asked to look 
bOrgpossible flormubas formtanding: 

(1) axis of symmetry 

(2) range 

(3) intercepts 

We discussed the meaning of formula as being a 
short cut to getting answers. 

Many pupils say “Why do we need formulas? Why not 
just work out the answers?” However, a few students in 
the class wanted short cut ways (formulas) for getting the 


answers. 
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Several students were working out the x-intercepts 
byegetting the quadratic function in the form: 

y = (x - k)4 +1, setting y = 0 

Weewa(xes b)2 rh 1 = 0 

Ceo ere |. etc., 
Thiseissol scouzrse the handiest way of solving the correspond- 
ing quadratic equation. 

Other students were simply graphing the quadratic 
function and observing the points of intersection with the 
X-axis. 

In any case the exercise seems to have served the 
purpose that most exploratory exercises must serve, namely, 
allowing the students to see that the “thing” exists by 
Jeseli vend that-e tormilaeis) merely a means of finding 
if quickly. /ffhis set of problems, besides serving the 
SUNnCELONnwOL amscUmMaLiOnNractivaty beads directly to the 
problem of finding the roots of quadratic equations and 
the character of these roots. 

Aiten allowing sufficient time for Lhe students 
to examine these problems on their own, some of them were 
PekcOmLOwOUtLe cd Mm woLk: Oly Lie) DOAra and @ discussion of 
methods followed. 

(1) The y-intercept was easily observed to be the 


value of the absolute term in the expression. 
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(2) The range was associated with finding the 
vertex and especially the y-co-ordinate of 
the vertex. 

(3) The axis of symmetry was arrived at through 
leading questions to be x = -b/2a, and the 
vertex was formed by associating this value 
Oto utia trea kamu Om minimum Value of vy, 

(4) Various methods were employed in finding the 
x-intercepts and are worth while recording here: 
Gemeclomiiman ool nte saLawing tnengqrann and 

then estimating the x-intercepts. 

(a )yeerincings the Vvernex, ising tne tormmula, 
(lmieige CRSM Gs, Ams) aegis Ih Vonigevqua dh Whewa) ce my 
fomsplortting the Grapi, anc then estimating 
the x-intercepts. 

aes) Ecce eing ye -BUein Lie (standards torm, 
EhemmeactOring es LOstinc thes x-Interceprs., 

(iv) putting the quadratic in the forn, 
Vac) 48 setting y = 0 and) then 
SOV efor x. 

Following this discussion, “finding the x-intercepts” 

was equated with “solving a quadratic equation.” Another 

set of problems in which the students were asked to find 


the roots of the following quadratic equations were then 


assigned. 


Oi 


CT) see ay ee = (4) Axe + 7x + 6 = 0 
uh ict Bi ae (eee eee 6 = 
(3 ee nee ee ee eer Ue) eS Slee eee 


They were asked also to make a graph of the equation 
that had no roots. Problems arose when the graph did not 
cross the X-axis or when surd values occured, or when the 
graph me tangent to the X-axis, as is the case in 
(ore welt) some cacee whey coulon . 11nd exact roots: they 
were sure there weren’t any; yet by plotting the graph they 
could see that there really were. This could be an example 
Of Jcognitive dissonance’ (to use a term of Richard Suchman). 
They became really anxious at this point, and perhaps this 
is the closest yet to what is wanted in the Mathematizing 
Mode--a real problem sensed by the students--"”How do we 
Stell tide Gana 

One question that arose from a discussion of these 
problems was “How do we tell a perfect square?” Several 
suggestions were offered in terms of the coefficients of 
ax’ + bx +c: 

(1) (bfa)* = c (3) b= 2ac 

(DO) eaniou= ac CONS GAReS= aye 
The students were asked to test these out on known trinomial 
squares and the class came to an agreement on the relationship 


6“ = 4ac which Toerecally another form ot (4). 
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The question was then posed in a different form: 
When is (x +@)4=A a perfect square? 
From here the class perceived that: 
(1) mwhenba o=s0 , a perfect sguare 
(2) when & is positive, real roots 
(3) when A is negative, the graph will not cross 
the X-axis. 
Actually the class had some idea that: 


a = b2 - 4ac 
4a2 


The previous problem was then restated. 

If b* = 4ac then the equation is a perfect square, 
meaning the roots are equal or the graph is a tangent to the 
X-axis. 

(1) what are the conditions that roots be non real 

and the graph does not touch the X-axis? 

(2) what are the conditions that the roots be real 
and not equal and the graph cuts the X-axis in 
two points? 

It was Bryson who hypothesed: 

(1) when b? < 4ac, the roots bs wae real 

(aw ae ee 4c einer yoomesnare Unequal and real. 
The above hypotheses were then related to the form 
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There was also some discussion about complex 
numbers. The students had no conception of why you could 
make them up. However, the discussion was not prolonged. 
It must be observed that some of these results were 
C1fTi1 cult) togCemerromsthne class and many students at this 


pointewere siuliv@noert convinced of the results. 
Vi ACH IV TTY = SEVEN 


The seventh activity was aimed at arriving at an 
exones lone Germule mEowineeroots: oflax’ to bx + c= 0. 
Once found, the students were asked to be prepared to prove 
their results. The instructor chose to take the general 
form ax + bx + c = 0 down to the completed square form 

(x + b/2a)4 = b2 - dao 
Aa” 
We discussed again briefly the possibilities of roots being 
real, non real, or equal and the problem was stated: 

Given ax* + bx + oc = 0 (1) What is the formula 

iene Tecngenmmne, Wirkey <gelennc 
(2) How would you prove to 
someone that it is true? 
Again many of the students said “We can solve the eguation-- 
why do we want a formula?” They were not really motivated 
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Herevecereveminuces, filtandyelled gi/ivelgotrair” 
buiworie. thanminateiheresyere really noygreateinsights.— 
Only about half of the students had the formula before the 


instructor began to develop it. 


(x + b/2a)2 = b21- 4ac 
ha 
Se ae Geysal ees pb? - 4ac 
2a 
x = 5 +b? - 4ac 


2a 
After discussion with the class, everyone was 
eli cewelearton ifs®derivation. 
The students were then assigned problems from the 
oe 


1{* Determine=tre-characterwof the’ roots of each of the 


rolJowing: 
OL ee es Se [ale “eration: 4 = /5 
(b) 38y4 - 4y + 10 =0 (e) 522 - 32 -{5 =0 
(c) 24 - 82 +16 =0 (e)0 (3x4 - ox -f8 =0 


2) Vererminey the xcal values®of Kifor“which each of the 
following equations has real and equal roots: 
(a) 8x2 - 4x - (3 +k) = 0 
bb) ee Xam ee eS) ERB PER AO 
3. For what values of k does the equation 2(b) have: 
(a) real and unequal roots 


(6) non-real’ roots, 
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They were also asked to find roots and plot the 
graphs in the case of non-real roots. This served as a 
CUGlP- Iie crec ee ooOCG Cl ocussion or allot these. problems 
followed,and we feel that the principles involved were 


grasped by most of the students. 


A Vel ee Or 


The eigth activity was a reversal of form from 
the previous one. Roots of equations were given and 
The sshucents Were askea to find the eoquetions.  Ihivs is 
more along the lines of a “constructive” mode of working 
as opposed to the “analytic” approach taken previously. 
It really served an introductory activity directed at 
SGGiviNC sete OLEMlas [Or ENG sum and produck of the roots, 
Precussion ceutctred acouL Ways of finding equations, 
given the roots. The following problems were then 
assigned. 


Form the equation whose roots are: 


1 dinar? CAD Ue Mes 
(2) (om 1p, 16 
OS) ero 2 es) fee Key 


After allowing the students to work out the above 
problems, they were asked to formulate a rulé for finding: 
(ije tie sum of the roots 


(yee nentlOGlLCe Ole Lie roots 
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When the co-efficient of x* is one, they had little 
trouble generalizing that the sum of the roots was -b and that 
Tne product fokerne neocons: wasiec’ 

After further discussion we ended up with the 
generalization: 

sum fot theproots = -bjia 

DIrOCUCL Giver veeroonss .— c/a 

A series of problems were then assigned. 

2. bet ine. wither solving the equation, the sum 
enaporodict oferhewrootsmok eacheohtaneato! lowingequadratic 
equations. 

(all, 4a4yeneeze 53 i= 0 


Ae ge Wee 2 a) SS Ye 


(c) Ix¢ +e = 2 = 0 

Zelay Bolew fhacenot both 1/3 and -2 can be roots 
of the equation Or te pe 

(bo) Givenkihat N/Sivis asroot, find the other 

LOO ie 

See Bigeicecoop-wolwax“h—ullo + #2e=50 tare reciprocals, 
enc~eal: 

4, If each of 72%:+ bz + 5 = 0 is the negative of 
the other, determine b. 


vie DGroneprootgorernic equation x? ee Wop gl: 1. 


1/2, determine b. 
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beeetit Sone. roe. of, thesequation 4z2 - 122 +c =0 
is twice the other root, determine c. 

7. DLerermine the condition that the quadratic 

equation ax¢ + bx + c = 0, a # O has 
(1) reciprocal roots 
(2) roots which are the negative of each other 
(oMonecmroote zero. 

A thorough discussion of the various procedures 
employed by the students in solving these problems followed. 
Most of the procedures were quite standard, but Keith 
offered something original and is worth noting. 

Forms Mac Vcnmthates ds one Toot orex- 7 bx - 5 = 0, 
determine b. 

HewsuCCcs cOmGicC, substi Lution, 1.6, , 


(4)* Hb (4) - 5-0 


go db =) 5 = 0 
b/2 = 4 3/4 
b= 94 


The class was now, we thought, ready to suggest 
procedures for proving the formulas 
(a), SUMmnOL roots = -b/a 
(ob) Product of Roots = c/a 
Until this time they had only guessed at the formulas. 
Two methods were used. The first was introduced 


completely by a student. 
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Methods One ttLetp wi mabe thesroots 
Thentix .rk)ixe-om)t aed 
x2 - (k +m)x + km =0 

sum proauct. 

b c= 0 

a 
Tnewouner method took a Tittle more: time. In fact; 


even after the teacher wrote the two roots on the board as 


ee cae’ Pe ee aaa 
2a 

m= -b - Vb2 - 4ac 
2a 


Only a few students discovered the standard proof of 
CM We ae vide =e ley Kel 
(2) km = c/a 


ieee City CTY NINE 


The ninth activity centered around the solution of 
maximum and minimum problems. Previous activities have 
prepared the students to accept this type of problem as 
an application of what has already been learned. The 
authors feel that in this case the problem is really 
one of “assimilating” a related topic into an already 
wise MmigewCOONlelvye Sullcture.... This 16 ouite signifi- 
Seon ey LUStnaLeomLiia Lette bielOriginal, problems on 


activities of a unit are broad enough in scope, they will 
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encompass much of the knowledge to be learned within a 
Given unit. This makes the problem of teaching individual 
problems withinga sunitamuch simpler. 

There are really five kinds of questions supplied 
in the text as examples and exercises. 

(1) area as a function of side 

C2)meherchteas agptunction of time 

(oy) producteoiatwo numbers, as ea function of the 

BALI SHI 

(4) total income at an event as a function of the 

price 

(S) maximum-sum-given-product problems. 

Clearly the central. idea throughout this section is the 
idea of a function, and once again, the graphical approach 
proved to be beneficial. 

Two problems of the maximum-area-given-perimeter 
type were outlined to the students and they were asked to 
solve these by means of a graph. 

(1) Length of fence (total perimeter) is 1000 feet. 

Find maximum area. 
(2) Length of fence (three sides) is 1000 feet. 
Find maximum area. 
A brief initial discussion on the idea of area being a 


function of the side preceded the exploratory period. 
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Cn fe ener engtielte LO0tteer, “area 15° 407000 


square Teer. 

Teenie lLenguneis 200 fect, “area is 60,000 
Square feet. 
Once the students were aware of the changing area with 
respect to the side, they were asked to solve the above 
two problems by means of drawing a graph. 

Most of the students were able to isolate the 
relevant variables and to solve the problems. Here again 
the vertex-form of the quadratic function proved invaluable 
because the location of the vertex identifies the maximum 
or minimum value. 

We would emphasize here the usefulness of the 
Glaphaca approgch as Ceing Ehesmost Gescriptive to the 
above problem. 

It is appropriate here that either the teacher 
Cees OUD UicecHOUl CeIniciatleCEagdlsclission, On Lhe two 
aspects of these problemsy 

(Ome cbpplacarione-.1.6.5 formulation of a function-- 
a mathematical description of the problem. 

Gee cOlltlon--b.e,, Using cierr sbackoround as a 
tool with which to solve a physical problem 
described in mathematical terms. 

Following these problems and discussion, the students 


were assigned several questions from the text to test their 
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understanding of the activity. 

Significantly, however, the teacher especially 
emphasized that he would not solve these problems for 
the students. He would only suggest possible hints, but 
the students were responsible for finishing all of the 
questions. This is important, because only too often 
the “role perception” of the teacher from the student’s 
Sool ceOnevOle cenowiIng mow. nis. mind set” “ont the 
part of pupils must be broken down whenever possible. 

We do feel that there are exceptions to the 
above, as in the case of “completed square” problems of 
the type y = ( {x + 1/ [¥)4. These and other “mathematical 
tricks” may be shown to the students. 

In alletheir work throughout this activity the 
students were reminded of the central idea--the function. 
They had to represent one aspect of the problem as a 
function of another in order to solve the guestion. They 
were also encouraged to illustrate their work graphically 
as an aid to understanding. 

PE wiSmeOrocemorecrd so (iaiiat Lniis stege in the 
activity several students were using the formulas: 

3¢ = aiey/ fel, sy = CieyebeS b“/4a, ior cer ToOet ing the. 
vertex. Most often though, they were using them as a 


check, after finding the answer. One of the students 
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remarked that he was not checking his answer, but rather 


checking the validity of the formulas. 
ey ANSE SO 


The tenth activity centered around the solution 
Of equationsmthat ican be tiandled like quadratics after 
an initial observation or re-arrangement. Here, as in 
the previous activity there are the two aspects of the 
problem to contend with--application and solution. The 
following questions were given to the students as an exercise 
and following a brief discussion on the actual statement of 
the problem, they were set to work on finding solutions: 


(10) eee) eet eg 
56 1 3 ) 


0 
(3) x38 5 =k + 3 
x x 


(4) (x? + 8x - 1) (x? + 3x - 2) = 6 

Gop) ae ee eee ae 

(5) WA ee Ye HRT 

(FA pee ae 

After a brief statement on what it meant to solve 
an equation, the exploratory period of 15-20 minutes began. 
A discussion was then initiated which soon revealed that 


major difficulties were evident in the solution of 2 and 4 


above. 
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It was suggested that the formula be used to 
attack (1). It resembled a quadratic where a = x2, 
Die 40 Caren, sine clacgss di disno tikpunsuetith iss 
suggestion, although it does work; instead they preferred 
another suggestion of factoring the expression. 
(aench6 Mae BIKE 0 
Sag day Creuse aetnyer 
At this point the instructor attempted to answer 
the question “How can we make it look like a quadratic 
equation?” Again, after some discussion he suggested 
that if we let x* =@, the equation would be 
The students had little trouble finding the statement: 
myo = EE Sip a 
Here it was suggested that we use m instead of M and the 
equation was*rewritten. 
ne Hae choesaG 
Piewasmucit diethisepoink forthe students to finish? 
Upon examining (6) a substitution was suggested; 
m = x¢ + 3x was chosen. Here again the students were 
left to finish by themselves. 
The students were then told that they had to finish 
the questions by themselves and be prepared to outline their 
method, orefso Mmkaions. 


It was guite evident from observation during their 


exploratory period that many students werenow using the 
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quadratic formula in favor of other methods discussed. 
In fact, the students find that once the numbers get 
large and unwieldy, it is imperative to use the quadratic 
formula’ 

Greets ssuggesLreamituat at this point a good summing 
up exercise would be to take a quadratic equation and 
solve it using all four methods: 

(19) factoring 

(2) completing the square 

(S)eeusing the tformula 


(4) graphing the corresponding function. 
AGI yY ELEVEN 


A "summing up quadratics” handout was prepared” and 
this paper was used as the basis of discussion for one or 
two periods. The procedure was quite straightforward and 
the general ideas were to bring ail their explorations and 
discoveries into perspective as well as give them formulas 
to memorize. 

Special attention was given to the meaning of the 
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20f, DOstep. Al 2 emoumming Up Quadratics. 
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Gieeuncrron,) (2) sequation, (3) “domain, 

(4) iirancenmm 5) Bsolyere (6) prroots? 
The discussion on functions and equations led to the 
consideration of such expressions as 

(ibn syotex” bbe? 

(20) eyusex0 

Go)) af4 260 

(4 iy schiey thre SiO sey Ge = - 4px ey = 84 

Gs) "eas" S20 
We concluded that the difference between the two names 
was associated with the number of variables involved. 
iomee xamole @ix Gael Geis tanicqiatzion,; bur put in set- 
builder notation hes, y) | ne oe a | Womaee a ploneand 
not simply an .eeuation. 

it is? appropriate that some time be devoted to 
ap QuscusslOn One thitcss topic because At is* atsource ‘of mich 
Cougs c OWMCO MENG pubic. 

It was particularly interesting and encouraging to 
note the number of questions the students had which explored 
other possibilities. They did however show concern for 
Selig LUrOuUgM LNe .GUMMInNgwup acLivaty by “ruling out” 
some of the questions from discussion. 

Perhaps the central theme of the entire activity 
is that all we really did was put names and formulas on 


things which they had explored freely during the exploratory 


1 : f ee 
tot Bal ene. bey pS wis, cttoaut AG Ao ; 
> 
pe 
a. ./TOLsaetige® Apps 14 notipreblanea: 
a poke? | t 
a 
th i 
hee 
fj = 
* ot) @& + 
a s i ad yy oe 
“ a : 
: (+* pvewtect a3 Tub. 44 
j i 
2 a j 
si + 2 , = b 
LS 7 a | ~? 
aid - 
é 
Okt & 
ft r 
=. gre: 
\ { 
= 
7 - ea 
i rd a 5 
a ® 
pase ew be 4 = THES S a | 
' . at 
8 - 
toe . to- a0 ext mes 
r le = x at ¥ ad rm pk 
Bart ~ oes . a - y DED Yu a 


ofoexe eff qeaiveb yieaxt be 


a ‘ 7 1 
(2) obtmape af ” symone 


i . saaooT . cay nee (a) 


tolame bert yout ttod Ww mine, 
a 
i 7 
—— 


ib ak 
sessions. 

In summing up types of problems, examples from the 
book were used to illustrate various approaches to any given 
Dreblchi ee Ulawassooset vec ethatwal beprobplems do not fall 
into a given type, but some demand envorl cine sp lution. 

It was also observed that some problems are simplified 

by the use of a “mathematical trick” or an astute observation, 
In actuality this type of review and summation invariably 
ends Up 110 .durlileetasngom. | [tis tq be hoped however, 
that the type of originality shown when the student first 
encounters a type of problem will not be stifled by a 


recognition of the standard approach involved. 


SUMMING UP QUADRATICS 


i pow ax? t+ bx to - a general quadratic function 
z 5 tea Ox te ean example of a special quadratic 
FUNCEuor 
Se Va 2 ex 2a - 21 - an example of a quadratic function 
invkne complerea square form. 
Weber O@ Sollee. <eCOOLOliaLe OF 
the hee 
- where - 21 is the y coordinate 
of the vertex 
an ee ee OOO COIs Cece iic VeTLex 
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4ac - b?, tie vy) coordinate or tne vertex, 


range of the function, the values of y coordinate. 


Son, Cilc wanes ror syne miry 
2a 


maximum and minimum values (vertex) 
intercepts of the function 


solution of guadratic equations: 


(a) lax eo 2-5 + fp2 = 4ac 
= Za 

a -b -lb2 - 4ac 
Za 


(bo) pe erectoring 
(c) completing the square 
(ad) graph the function 
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Charvacreristics of roots: 


(a) b* - 4ac = 0 two equal roots (tangent to the X-axis). 


abiks, 


(b) b* - 4ac >0 two real, unegual roots (cuts the X- 


axis) 


(c) b* = 4ac £0 two non-real, unequal roots (does not 


Cu lmtiem-axic)- 


Types of problems: 


(a) Formation of quadratic equations given the roots. 
(b) Properties of roots determined by the coefficients 


of the quadratic equation. 
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(c) Maximum and minimum problems. 
(d) Equations solved like quadratics. 
(e) Graphing function to illustrate vertex, 
intercepts, axis of symmetry, domain and 


range. 
SUMMARY 


The same general pattern of development is observed 
in chapter five as was illustrated in the previous chapter. 
Although the actual stages of instruction and their ac- 
Companvinc cMavicors are noe 1dentitied, it is felt that 
they are, in fact, cbvious to the reader. The proceedings 
of this chapter indicate that the Mathematizing Mode can 
beneoolitecoOm.O Ener unit anvolvang Lie quadratic function 
and related topics. This unit is generally introduced 


at the grade eleven level. 
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CHAPTER V1 
CONCLUSIONS 


inves oueline sot st ne tinal chapter of this thesis 
UoRoOc mi ouLows: 
(1) A brief summary of the problem under 
investigation. 
(2) A look in retrospect at chapters two, three, 
POuLsaioeliurewin Orger to better, clarity the 
Gon triourtonmor each wo the solution of the 
problem, and also to indicate clearly the 
Feswito ot thas Study. 
(3)) Ghe amplacetions that this study has for, 
further research in education. 
The first two topics are grouped under the heading, 
“Summary and Results.” The third topic is treated separately 
uncer the heading, “Implications for Further Research.” 
Because of the nature of the present study, results 
are reported on an observational level. There is no attempt 
to apply mathematical statistics to an analysis of the 
effectiveness of discovery teaching. The purpose of the 
Study =is one of description, hence, the results of the 
study centre around the nature and applicability of this 


description. 
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I. SUMMARY AND RESULTS 


The problem presently under investigation is 
concerned with a current dilemma persisting among researchers 
in mathematics curriculum. The two aspects of curriculum 
are content and method. Much energy and expense have been 
spent in developing and organizing new content. At the 
same time, these researchers express an almost unanimous 
recommendation that the new content be presented in the 
atmosphere of discovery. Herein lies the dilemma. Little 
attempt has been made either to clearly define this discovery 
MoCe OG nNstouct1on Of, once defined, to illustrate its use 
imams peClltcwinstance, | l[beais the objective of this study 
LOupLeschtmamcescripricon and allustration of one such 
discovery mode, referred to in this thesis as the 
Mathematizing Mode. The approach to the problem is seen 
in the organization and sequencing of chapters two, three, 


four and five. 


Chapter two 


This chapter contributes only in a general way 
to a description of the Mathematizing Mode. The theoretical 
position of each author reviewed is examined and the 
common characteristics of discovery teaching are isolated. 
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(1) Most authors reviewed agree that there exists 
much confusion as to the actual process of 
discovery teaching. 
(2) Several characteristics of discovery teaching 
emerge’ as common. 
(3) There is some divergence of thought regarding 
the role of discovery teaching in the classroom. 
Should it be the primary means of instruction 
or should it be used in a supplemental fashion? 
The results of chapter two are used as a basis for the 
development of the theoretical framework of the Mathematizing 


Mode. 


Chapter Three 


The theoretical framework of the Mathematizing Mode 
is presented in this chapter. Here, the theoretical 
positions examined above are integrated into a concise 
description of the Mathematizing Mode. Four stages of 
instruction are recommended: (1) problem situation, (2) 
accepting hypotheses from students, (3) evaluation of 
these hypotheses and, (4) a precise mathematical 
descriptaon of the®ilearning experiences.” In order 
LO distinguish the Mathematizing Mode from other forms 
of discovery teaching and from other modes of instruction, 
specific Paneer and pupil behaviors are prescribed in 


reference to each of the above mentioned four stages. 
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Reference will be made to these behavior patterns in the 
discussion of chapters four and five. 

Two results of chapter three are clearly evident: 

(1) The Mathematizing Mode is a form of discovery 
teaching. 

(2) The Mathematizing Mode is well described in 
thet the tneorerical framework is reduced to 
behavioral terms for the teacher and pupils. 

The above description of the Mathematizing Mode is now 
applied to developing and teaching specific content from 


the senior high school curriculun. 


Chapter Four and Five 

An illustration of the use of the Mathematizing 
Mode as applied to developing and teaching two units of 
instruction is shown in chapters four and five. A reference 
is now made to the Heoewer and pupil behaviors prescribed in 
the theoretical framework. For each behavior pattern, a 
specific example is chosen from the foregoing outline of 


Tv 


The uinear fone pvomielanae he Quadratic iwunctien so «his 
approach is necessary for two reasons: 
(1) To assure the reader that the theoretical ~ 
framework described in chapter three is 


indeed the one that is illustrated in chapters 


POUGaAnNOeL VG. 


4. 


7% - > - ‘ act 
vce? ia fi GV F ose 


—_" . ¢ - et? 


4 ~ oleae 
hi LS os a 
: 
e 
~) a LAAs LV 
eo 
5 ple clim 
L a as * 4 hen? ae 
ry 'f£f 
4 
og ck - ey tus 
< tra 
- Las at’ 
2 = r + 
Pye a : 
4 
& e na § _ f 
3 Seat ort: 
‘ re { Le ODS f a a 


: a wah 
E at i. a ! Y LS 
r = 
f e hh So Lveean 
Cc. { - ~ 
. ‘ =. 
: ped 7 ar Fs Joh | BURD ELOwe! 


-ovVit bus xe. 
ry 


- 
~ ' 


ie 
(2) To assess the feasibility of using the 
Mathematizing Mode to develop and teach 


mathematics in the senior high school. 


Teacher Behaviors 
(1) The teacher must wait for the students to 
verbalize the statement of the problem. 

Dining =tiesacthivilty on plotting the orach 
of a quadratic, the students recognized the 
importance of finding the vertex. This served 
as an activity for a new stage one.t 

(2) if the students do nok pose a Significant 
problem, the teacher must supply the problem 
within a broad context to allow at least for 
student participation in exact formulation of 
the problen. 

In the linear function such problems are 
ROU s Meo uve PEneCaname 1onaun1 Ss dine. or 
"find the distance between two points.”4 

(3) The teacher should accept different problems 
arising from the same situation as in the 
brainstorming session of stage two. Every 
suggestion must be accepted and recorded. 


Several methods are used during the course 


Lérpean.e op. 64,86. 2of, ante pp. 64,76. 
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of the two units, such as writing down the 


hypotheses on the board as they are presented 


or copying them down in a notebook, or immediately 


projecting the students hypotheses with the 
overhead.° 

The teacher should accept wrong or partially 
correct hypotheses with equal enthusiasm. 

"The sum of the co-ordinates of points 
along a special diagonal are the same.” “Lines 
are perpendicular if their slopes are negative 
of each other.”4 
The teacher must convey to the students that 
unless they participate in an active, energetic 
fashion, there will be no further class and 
consequently no learning. 

Sufficient time is allowed during the 
exploratory period before hypotheses are 
accepted from the class.° 
The teacher should encourage the use of inter- 
mediate language. 


Examples of this are: “special diagonal 


aMouorcdnenyeGLagonal, Or (tap ot the parabola.” 
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The teacher must be willing to accept several 
MeenNocds Ot coluMlcron toetne problem: 

Two examples are: “Two methods of ap- 
Drocening tne wslope-poant form of a line,” 
"Four suggested procedures for find the x- 
intercepts of a quadratic.”/ 
In addition to stating problems, the teacher 
will have to state solutions to problems. 
This latter especially refers to definitions 
and conventions. 


The definition of the slope of a line was 


given as 4 y.° 
PAS 


The teacher should not hesitate to assign 
problems before the students know formulas 

for solving them. If the students have a 
“mind-set” that they should always be looking 
for short-cuts, then they will seek them out 
as they solve these problems. The main idea 
here is that the students explore the problem 
situation independently, or in groups of three 


or four before any class discussion is held. 


ante pp. 74,96. Sof. ante p. 71. 
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Two examples are: "Find a rule fora 
PAneCROt ALWO,sDOln ts jiettind ithe baghestior lowest 
PO Deseo etuescraohs ofetheswollowing jauadratic 
functions.”9 
The teacher should be prepared to leave an 
activity before it is completely resolved, and 
proceed with another. In addition, he should 
not become anxious if some students develop 
inexact or incomplete ideas. 

i Neways? SeCyOng Tent leleleh veMneNenaelinehc wn a bbayeua Meyal 
left much to be desired in finding the completed 
square form of the quadratic. It was abandoned 
abe GotesDOM  sanduduring achivilty five was 


resolved from a different direction.19 


Pupil Behaviors 


( 


iL) 


In their individual work habits, the students 
should exhibit a “mind set” that mathematics 
means looking for best ways, short-cuts, patterns, 
or generalizations in the solution of problems. 

An example of this would be: “Slope of 
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. ante pp. 72,75,90. llot. ante pp. 73,75,84, 94. 
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A willingness to contribute answers, basically 
Ci eemomOlt UOUC LOU GINIac LaSSimcmusCliss Tom. sel heir 
hy pounesces, wa Vl noteameni net) beyweld sformuhadced, 
but are presented so that other students will 
Cor ealeupeneiic, oc Fnedm tiarst-order thinking. 
One example is predicting points on the 


2 as 1 over l Up jae Omen As to ere, 


dye 


SRRsyeiyy eae rn oe 

from the vertex. 

Tiememucdendasho) LO nom only, be: continually 

NOG nC Odas OW ons Cathe oro > Lemnat hand, 

but also stating new and significant problems. 
While plotting the graphs of several 

quadratic functions, the students realized the 

necessity of knowing the position of the vertex-- 

a new and significant problem.+* 

The student should be continually evaluating 

and testing hypotheses, expecting that many of 

the statements made in class by other students 

aLemvmOlCnOmoluve paliaallv correct.ad Ata has 

point, they should be quite adept in using a 

counter example to disprove a hypothesis. They 

should also be aware that many of the hypotheses 

are really the same one, in different words. This 


JacLeriwiiluscioweciem the béeneritssof stating 


120f, ante pp. 81,82. 13of, ante pp. 84,88. 
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it in symbolic, conventional language. 

A review of the second activity in the unit 
on guadratics illustrates this desirable behavior 
on the part of the pupil.+4 
The student should be engaged in the use of 
formulas and symbolism in the solution of problems. 

Two examples of this would be the use of 
the GuaG@ra lc = rormulartor finding the roots of 
a given equation and the use of the distance 


formula for finding the distance between points.t° 


The description of the theoretical framework in terms 


of stages of instruction, and the further description of each 


stage in terms of teacher pupil behavior help to make the 


Mathematizing Mode a distinctive mode of instruction. 


It is concluded from a review of the proceedings 


outlined in 


cay 


(2) 


l4eg. 


chapters four and five that: 

The theoretical framework illustrated in the 
development and teaching of "The Linear Function,” 
and “The Quadratic Function” is indeed the theoretical 
framework described in chapter three. 

The Mathematizing Mode can be used to develop 

and teach at least these two units of mathematical 


content. 


ante pp. 82-85. ISof. ante pp. 72,77. 
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Wielee oor ner corcimced tiate1t=1s6" {casi ble™ to =usee the 
Mathematizing Mode to develop and teach other topics from 
tiem oconvO ler vescioOL CUDTI Cll. Its COnclusionwis a 
Coco lOlem inoue Onno Tne IMD ercaAlTOns@Ot mine stuayoe but 
the author feels that this extrapolation of results is 


justified. 
Ti. JMPLICATIONS FOR FURTHER RESEARCH 


Several areas of research are suggested by the 
present study. Onesuggestion is that an evaluation of the 
effectiveness of the Mathematizing Mode is necessary before 
attempting to implement it within the curriculum. This 
a5 pecrmoOueevd Uabion le Glittcult OC asseso Cue Or tite 
deficiency of adequately prepared teachers. An alternate 
approach would be to conduct research into the re-training 
Of teachers through anservice courses. It is hardly fair 
to ask teachers who have received training in the expository 
mode, and perhaps have employed this method for several 
years, to perform a complete turn about for the purpose of 
evaluating the Mathematizing Mode. 

Pec Mero tuo moLUC ye lmCilCcale: ual at 1s tcasible 
bo reach at least two topics in the Mathematizing Mode. 
Further research could develop other topics of the grade 


eleven curriculum in the Mathematizing Mode. An outline 
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of this type would be most valuable to teachers who are 
interested in discovery teaching, but who have difficulty 
reducing it to a well defined process of instruction. After 
a suitable trial period, evaluation would then seem more 
appropriate. 

For purposes of comparative studies, relating to 
eva bie tion OL reaching mertnods, a similar description of 
ane expository mode or of Ausubel’s process of “reception 
learning” would be extremely beneficial. 

Meosteimporcantm.or all> however, is a thorough 
Dives lat OnsO ne >rinen Senypolticsis..) Does. tearing 
by the discovery mode really develop an ability in the 
student to make further discoveries more easily and more 
Hoot ae reo OMly sale answer io eLnis that wid break 
down the time-honored conviction that learning by discovery 
is too time comsuming. A breakthrough in this area would 
convince both administrators and teachers of the true value 
of a discovery mode of instruction, and open the way for 


much research of the types suggested. 
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